INTERNATIONAL JOURNAL FOR NUMERICAL METHODS IN BIOMEDICAL ENGINEERING
Int. J. Numer. Meth. Biomed. Engng. 2012;00:1-16
Published online in Wiley InterScience (www.intersciemgkey.com). DOI: 10.1002/cnm

Real-time simulation of biological soft tissues: a PGD aaogh

S. Niroomandi, D. Gonzalez, I. Alfaro!, F. Borded, A. Leygué,
E. Cuetd*, F. Chinesta

1 Aragon Institute of Engineering Research. Universidad de Zaragoza. Zaragoza, Spain.
2 EADS Corporate International Chair. Ecole Centrale de Nantes. Nantes, France.

SUMMARY

We introduce here a novel approach for the numerical sinomaif non-linear, hyperelastic soft tissues
at kHz feedback rates, necessary for haptic rendering. dmisoach is based upon the use of proper
generalized decomposition (PGD) techniques, a genetialivaf proper orthogonal decompositions (POD).
PGD techniques can be considered as a meaaprodéri model order reduction and provides with a physics-
based meta-model without the need for prior computer exparis. The suggested strategy is thus composed
by a off-line phase, in which a general meta-model is confuaad an on-line evaluation phase in which
the results are obtained at real time. Results are provitsdshow the potential of the proposed technique,
together with some benchmark test that show the accuragyeahethod. Copyright) 2012 John Wiley &
Sons, Ltd.
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1. INTRODUCTION

Real-time simulation is one of the most challenging scesafor simulation-based engineering
sciences (SBES). The termal time strongly depends on the particular pursued application, bu
surgery simulation is among the most restrictive ones. idaqirgery simulators compute the
response of biological soft tissues and give it back to thigoperals at, at least, 25 Hz of feedback
rate if visual realism is needed, and, notably, 500Hz-1KHhaptic (force) response is desirelB]
[17]. But biological soft tissues are known to be highly noreln [L9] [2] [23], very frequently
modeled in a hyperelastic framework. It is well-known, irddin, that at least non-linear strain
measures should be incorporated into the simulation, wikemperforming arbitrarily bad in terms
of visual perception, spurious gain in volume, et@][

This feedback rate for non-linear problems constituteg@ada great challenge for nowadays
simulation techniques, based upon finite element methdus.i§ perhaps the ultimate reason for
the lack, up to our knowledge, of surgery simulators of theosd generation1g], i.e., those
that incorporate state-of-the-art constitutive modellof soft tissues to the simulation. A few
references can be cited that incorporate non-linear tissbaviour (mainly Kirchhoff-Saint Venant
hyperelasticity), see3[] [32] [26]. Many of them are indeed based upon explicit finite elements
possibly implemented in graphics processing units (GPWjs Ts due to the very astringent
conditions dictated by the haptic feedback rates, thatgmtethe use, in nowadays computers, of
standard Newton-like methods for the solution of non-lir@estems of equations.

Recently, model order reduction has been seen as a powedahsnto achieve real-time
performance in the simulation of non-linear solids. Fotanse, Barbi¢ and Jameg] [proposed
recently a method for model order reduction of Kirchhoffr§a/enant solids at haptic feedback
rates. For more sophisticated constitutive laws, recemkwao Proper Orthogonal Decomposition
methods showed that visual feedback performance can bg ebtined, but this is not the case
very often if we need haptic feedback7] [29] [34]. In this case, linearization schemes for the
resulting non-linear systems of equations is mandatatypagh not straightforward to accomplish.
Very often, Newton strategies are out of reach, due to theranit lack of time employed during
stiffness matrix updates. I3Q] [ 28] a different strategy was developed that employed a contibima
of POD techniques with Asymptotic Numerical Method$][[ 1] [12] [16]. In that case, no tangent
stiffness matrix updates are necessary, and only a seteatlproblems, all with the same stiffness
matrix, must be solved.

Proper Generalized Decomposition (PGD) methods, on thieargnarose recently as a means to
overcome the so-calledirse of dimensionality associated to problems defined in high dimensional
spaces] [5] [13] [14] [25]. Although the origins of the technique can be traced backeéd Arge
Time INcrement method, LATIN method and its associatedalddading R4], PGD is nhowadays
seen as a powerful method of model order reduction that génes POD (and hence its name). Its
field of application has gone far beyond the initial objeesivand it is now being applied in a variety
of fields: simulation-based control of process2g| [ 21], efficient simulation of plates and shells
[8], simulation of gene regulatory network& [ to cite a few.

The main idea for the extension of a technique initially deped to deal with high dimensional
problems to a more general setting lies precisely in itstghd treat standard models as if they were
multidimensional. The key idea was initially put forth i®1]. In it, parametric equations were cast
into a multidimensional setting, thus taking advantag&@eRGD solution structure. Going one step
forward, PGD can advantageously be employed into real-§imeilation frameworks by simply
considering all parameters, but also all possible boundangitions (including initial boundary
conditions, seeZ2]) as new dimensions of the problem.

The resulting PGD solution to the problem is expressed asite Bam of separable functions
that provides actually a meta-model for the problem, foralhio prior computer experiment (also
known assnapshots in the model order reduction community) is necessary. Thétanmodel can
then be successfully applied in real time to obtain the nespmf the system at kHz rates, as will
be demonstrated in subsequent sections of this paper. giieach allows even to solve models on
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REAL-TIME SIMULATION OF SURGERY: A PGD APPROACH 3

handheld devices such as tablets and smartphones, thus@ples range of possible applications
of the technique.

In this paper we present a novel technique for the simulatiobiological soft tissues under
hyperelasticity assumptions at haptic feedback rates.Hased on the use of the before mentioned
PGD approach and an explicit linearization of the weak foremagated by non-linear strain
measures. The use of PGD therefore allows not only for a cetmpmeneralization of previous
works in the field (seeZ7] [29]) but also allows to a completely new formulation of the devb.

For the problem at hand, POD techniques compute the solfitierso-called snapshots) of different
complete models for different contact positions betweeagisal tool —scalpel- and organ. By

performing a statistical analysis on top of these resul8PRechniques extract the so-called
modes, i.e., those displacement fields that best represergatiation of the complete problems.

Theses modes, took as Ritz-like, global basis, are then tasepproximate problems different to

the original ones, i.e., for contact positions not iniflationsidered. Therefore, the design of an
appropriate simulation, or computer experiment, campagdhe key aspect of the method. Also,
how to efficiently and accurately interpolate among reduxzesis is another crucial aspect, not fully
resolved.

On the contrary, PGD methods consider a parametric probfethis case, the parameter is the
contact position. By formulating the parametric problenadsgh-dimensional one, PGD methods
allows for the efficient solution and ulterior storage of thedel in the form of a sum of separable
functions. Therefore, rather than creating reduced mddelgarticular positions of the tool, PGD
computes a general solution fany position of the tools, so that no subsequent interpatabi
reduced models is necessary, nor the computation of snap3thus, the proposed method is based
upon an off-line phase in which this general solution is cated, and an on-line one in which the
solution is only evaluated at impressive feedback ratag, tve the order of kHz.

The paper is organized as follows. In Sectiwe introduce the basics of Proper Generalized
Decomposition applied to the problem of a hyperelastiadsatider moving punctual loads, which
the most frequent case in surgery simulation. In Sec8om very simple linearization of the
non-linear problem is introduced that allows for a simpl¢ gfective computation of the PGD
approach to the problem. Although this simple linearizaiby no means the only possible one,
its performance is analyzed in Sectidnthrough a series of benchmark problems. It is shown how
the PGD approach to the problem of real-time simulation df sssue deformation opens new
insights on how the problem can be attacked.

2. APGD APPROACH TO VIRTUAL SURGERY

As already mentioned in the introduction, the key issueénsage of PGD approaches for real time
simulation, and the one that makes it completely differasiirit from POD, lies in the formulation
of the original problem as a parametric one. This paramptdblem is then re-formulated as a high
dimensional problem by considering each parameter as a newdioate in the state space. The
PGD method then looks for an effective solution in the fornadihite sum of separable functions,
S0 as to be able to avoid the curse of dimensionality asssttathigh dimensional problems and
mesh-based discretization techniques.

In this framework, the problem of determining the resporfssargan to the load transmitted by
the contact with a surgical tool could be formulated as t@wfine the displacement at any point
of the modelu(x,y, z), for any load positiors and for any force vector orientation and module,
t, thus rendering a problem defined in the physical sp&eg plus a six-dimensional state space
(RP).

For the sake of simplicity in the following development, anthout loss of generality, we assume
aload vectot with unit module and oriented in the vertical direction. g renders a problem defined
in R (u = u(zx, s)), with all the characteristics of the before-mentioned.one

Let us consider the weak form of the equilibrium equatiorslgbce of linear momentum).
Again, for the sake of simplicity, we omit inertia terms. Timéerested reader could consut?]
for the treatment of Ordinary Differential Equations (ODlsthe framework of PGD. Under these
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assumptions, the weak form of the problem, extended to th@endeometry of the orgas) and
the portion of its boundary which is accessible to the surg&oc I';', consists in finding the
displacement: € H' such that for alke* € H{:

//Vsu*:adﬂdf‘:// u* - tdldT (1)
rJo T JTy

wherel’ =T, U T; represents the boundary of the organ, divided into essamiibnatural regions,
and wherel';, =T,y UTys, i.e., regions of homogeneous and non-homogeneous, tesbhgc
natural boundary conditions. Here= ey, - §(x — s), whereod represents the Dirac-delta function
ande, the unit vector along the-coordinate axis (we consider here, for the ease of exposié
unit load directed towards the negativexis of reference).

Once regularized, the Dirac-delta term is approximated byuacated series of separable
functions in the spirit of the PGD method, i.e.,

m

ti~ ) f(@)g;(s) (2)

wherem represents the order of truncation aﬁﬂg§ represent thg-th component of vectorial
functions in space and boundary position, respectively.

The PGD approach to the problem is characterized by the mtisin, in an iterative way, of an
approximation to the solution in the form of a finite sum of a&jble functions. Assume that we
have converged to a solution, at iterationf this procedure,

up(@,s) =Y Xf(x)-Yf(s), 3)
k=1

where the termy; refers to thej-th component of the displacement vectos 1, 2, 3 and functions
X" andY* represent the separated functions used to approximatexkmwn field, obtained in
previous iterations of the PGD algorithm.
If we look for an improvement of this approximation, the- 1)-th term will look like
u?“(az, s) =uj(x,s) + Rj(x) - ;(s), 4)

whereR(x) andS(s) are the sought functions that improve the approximation.
In this framework, the admissible variation of the displaeat will be given by

ui(x,s) = Ri(x) - S;(s) + Rj(z) - S (s). 5)

At this point several options are at hand so as to determm@diwv pair of functiond? and .S.
The most frequently used, due to both its easy of implemiemtand good convergence properties,
in general, is a fixed-point algorithm in which functioRsand S are sought iteratively. We describe
briefly the implementation of this algorithm.

2.1. Computation of S(s) assuming R(x) is known

In this case, following standard assumptions of variaticakulus, we have

ul(x,s) = Ry(@) - S(s), (6)

TTypically, of all of the natural region of the boundaily; ~ I' —which in this case coincides with virtually all the
boundary of organd; = 99, since they are not fixed or clamped, but in contact to othgarts— only a portion are
accessible to the surgeon. In minimally invasive surgamgeons operate through a small incision on the skin of the
patient, having access only to a limited portion of the baumpdhere termed'.
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REAL-TIME SIMULATION OF SURGERY: A PGD APPROACH 5

or, equivalently,u*(x,s) = Ro S*, where the symbol " denotes the so-called entry-wise,
Hadamard or Schur muIt|pI|cat|on for vectors. Once subkgd into Eq. {), gives

//V (RoS8*):C:V, (ZXkonJrRoS)deF
k=1
/ (RoS™) (if og)dfclf‘7 @)
T

or, equivalently (we omit obvious functional dependenies

/ / Vs(RoS*):C:V,(RoS)ddl

/F (Ro S*) (Zf og>drdr //V Ro 8*) - R"dQdr, (8)

whereR"™ represents:
=C:V,u". 9

Since the symmetric gradient operates on spatial variaivilgswe have:

//Q(VsRo §%):C: (Vs Ro 8)dQdl

:/F/Fu(RoS (Zf og>drdr // V.Ro S*)- R"dQdl (10)

where all the terms depending enare known and hence we can compute all integrals Qvand
T';2 (support of the regularization of the initially punctuahft) to derive an equation to compute
S(s).

2.2. Computation of R(x) assuming S(s) is known
Equivalently, in this case, we have
ui(x,s) = Ri(x) - 9;(s), (11)

which, once substituted into EdL)( gives
//V :C:V, (ZXkonJrRoS)deF

k=1
//F *08)- <Zf og>drdf. (12)

In this case all the terms depending sr{load position) can be integrated ovEr leading to a
generalized elastic problem to compute functi®te).

This simple algorithm renders, in general, excellent coyeece properties (seel4] and
references therein).

3. ONE POSSIBLE EXPLICIT LINEARIZATION OF THE FORMULATION

Formulation introduced in Sectighassumes implicitly small strains. But this assumption hesenb
found to be very insufficient for virtual surgery. Straing &irge very often, and when solved in a
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small strain setting, organs appear to suffer an unphys#alin volume that renders the simulations
clearly non-realistic 18]. Although real-time simulation of surgery does not lookmaalays for
accuracy levels similar to those common in usual enginggpiactice (quoting Cotin and Bro-
Nielsen, [L1], “... the model may be physically correct if it looks righthe inclusion of non-linear
strain measures seems to be crucial.

Soft tissues are frequently formulated under hypereliagtssumptions3]. Again, for the sake
of simplicity, we refer ourselves to a Kirchhoff-Saint Venaonstitutive framework. Despite being
very limited (and even unstable under compression due téatieof polyconvexity of the strain
energy functional), Kirchhoff-Saint Venant constitutigguations are widely used at this moment
for real-time simulation of soft tissues, s&5][30] [32], among others.

The Kirchhoff-Saint Venant model is characterized by thergy density functional given by

U= %(tr(E))Q +uE: E (13)

where) andy are Lame’s constants. The Green-Lagrange strain teBsdias the form
E = %(FTF —1)=V.u+ %(Vu -Vul) (14)

whereF = Vu + I is the gradient of deformation tensor. The second PiolaHioff stress tensor

can be obtained by

OV(E)
OFE

in which C is the fourth-order constitutive (elastic) tensor.

Very little has been written about PGD approximations fon finear solid mechanics problems,
other that Ladeveze’s works in complex thermomechanicadlimear models34]. Here we focus
in the non-linear and parametric case within a fully segara¢presentation. In this case, we restrict
ourselves to quasi-static problems, for the sake of siritpl&nd therefore introduce a pseudo-time
t € [0,1] to perform the linearization.

Consistent linearizations of the resulting set of equatian the framework of PGD
approximations are far from being trivial, so here we keepftirmulation as simple as possible
by performing a simple explicit linearization of the weakrfoof the problem.

Thus, load is applied along a series of time incremeits provoking increments in the
displacemeni\u(x, s). At each time increment, a PGD fixed point alternating dioets algorithm
similar to those introduced in Sectighis employed. So, if we introduce the non-linear strain
measure given by Eql4{), into this incremental framework, we have (we omit obvidwrsctional
dependencies for clarity)

S:

~C:E (15)

1
EFAt = v, (u' + Au) + B (V(u'+ Au) - v(ut + Au)) . (16)
Similarly, admissible variation of strain reads

E* =V (Au") + %(V(Au*)) VT (ul + Au) + %V(ut + Au) - VI (Au*)
=V, (Au*) + V(Au*) - VT (ul + Au) (17)

Once substituted into the weak form of the equilibrium etumtEqgs. ((6) and (L7) provide, for
the left hand side term of Eql)—strain energy term—,

/ E*:C: EdQdl = / (Vs(Au*) + V(Au*) - VI (u' + Au)) : C
T JQ) rJa(t)

: <VS (u' + Au) + % (V(u' + Au) - VT (u' + Au))) dQdr. (18)

Copyright© 2012 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Biomed. Engng. (2012)
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REAL-TIME SIMULATION OF SURGERY: A PGD APPROACH 7

The simplest linearization of Eql®) consists of keeping in the formulation only constant terms
and those linear ilhu. We thus arrive at a weak form composed by ten terms:

/ E*: C: EdQdTl
rJQ(t)

= / Vs(Au*): C: Vsutdﬂdf‘Jr/ Vs(Au*) : C: V(Au)dQdl
rJa) rJa)

T1 T2

1 _
+/ Vi(Au*): C: =Vu!' V' u!'dQdr
T JQ(t) 2

T3

+/ V. (Au*): C: Vu! - VI (Au)dQdl
rJQ(t)

T4

- / V(Au*) -V ul : C: V uldQdl
T JQ(t)

T5

+ / V(Au*) - VTu! : C: V, (Au)dQdT
T JQ(t)

T6

1 _
+/ V(Au*)-VTut . C: 2Vt ViuldQdr
rJog) 2

T7

+/ V(Au*) - VTu': C: Vu' - VI (Au)dQdT
rJQt)

T8

+ / V(Au*) - VT (Au) : C: V,uldQdlD
T JQ(t)

T9

+ / V(Au*) - VT (Au): C: L Gut . VT utdqdr | (19)
rJow) 2

T10

This renders a very simple scheme that has revealed, haviewgrdicious choice of the time step
At, reasonable convergence properties, as will be demoedtiraSectiont.

Remark 1

The original work of P. Ladeveze on the LATIN metho2¥] combined a space-time separated
representation, and thus produces a non-incrementai@olot the problem. Generalized to this
case, the displacementwould be soughtin the farmu(x, s, t). We have preferred, for simplicity
of exposition, to keep the formulation as simple as posshtalethe explicit linearization proposed
in Eq. (19) is by no means the only possible one.

Remark 2

Another possible choice for the before mentioned linetinrais the standard forward-Euler
scheme. It has been noted, however, that instabilitiesenrélsults appear at zones subjected to
compression, a typical characteristic of Kirchhoff-Sarehant modelsq]. These are analyzed in
Section4 below. However, no spurious deformation modes have beeeradxd by employing the
simple explicit algorithm stated in EqLY).
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4. NUMERICAL RESULTS

4.1. Validation: non-linear rod

To validate the explicit PGD approach introduced in Sectibefore, we considered the simple case
of a Kirchhoff-Saint Venant beam subjected to a pure tradtioce F. In this simple case, the model
can be simplified to a one-dimensional one, and an analgdadation for the axial displacement

at the bar tip can be obtained as

u<ﬂ1+£>, (20)

where

i (ki) @

and, in turn,K = £, with £ the Young's modulus of the material andthe area of the cross-
section at the undeformed configuration.

A model was thus constructed by considering a bar of ledigth400 mm, A = 40 x 40 mm?,

E =1.0 MPa andF' = 320 N. Load F', however, is considered to be applied at any point along
the bar axis. We therefore compute a two-dimensional soiuti= «(z, s), wherex represents the
position along the bar axis andhe point of application of the load.

This simple example served to know the importance of the eindsne step in the overall
convergence properties of the proposed method. As can ddtom Fig.1 the error for a time
step of10~2 is O(10~*). Note that one single PGD approach is used, that is enricheach time
step, not a different PGD approximation within each tim@ste

(o))

o

N
111

°
S 644
S

UL N N I N L Y I

63.6 L | R | TR | A |
10* 10 10° 10* 10°

At

Figure 1. Convergence of the tip displacement towards tfegemce solution as a function of the chosen
time step.

It is important at this point to remark that the real-timeattgy here introduced is based upon
the computation of a general, high dimensional solutiorhefgiroblem once for life. This general
solution is then evaluated at real time feedback rates, duteacomputed. That is why the time
taken in the off-line computation of this general solutismbt so important, since it will be done
only once.

Copyright© 2012 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Biomed. Engng. (2012)
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REAL-TIME SIMULATION OF SURGERY: A PGD APPROACH 9

4.2. Kirchhoff-Saint Venant beam bending

Further validation of the proposed strategy is obtained éf @onsider the problem of a beam
bending under a transverse load (assumed vertical, forligitgp applied at any point of its
boundary. The problem has no analytical solution, up to mawkedge, and therefore the general,
multidimensional solution has been compared to a referene®btained by standard finite element
models (one for each considered load position) with comsidinearization and a Newton-Raphson
iterative scheme.

The mesh is composed by tetrahedral elements, with®rly nodes in thel0 x 40 mm? cross-
section and 21 nodes in the longitudinal directi¢dq mm long. Material parameters were Young's
module £ = 1.0 MPa and Poisson’s coefficiemt= 0.25. With such a poor discretization, and
employing tetrahedral elements, it is expected that a highr evith respect to the exact solution
will be obtained. However, it is not the purpose of this papesbtain an accurate enough solution
of the problem (that of course could be obtained by emplogintpre refined mesh and a finer time
stepping).

The finite element model is shown in Figgand the load is assumed to be applied at any of the
points of the upper surface of the beam.

z

.

Figure 2. Model for the beam bending problem.

The obtained displacement for a particular location of thadl (beam tip in this case, for
comparison purposes) is depicted in FAgNoteworthy, the simple explicit linearization algorithm
here proposed does not imply a non-physical gain of voluntberdeformed model, which is the
case for purely linear elastic models, frequently emplapaéal-time simulation of surgend[].

Standard forward-Euler algorithms for the linearizatibthe weak form of the problem rendered,
in our experiments, spurious deformation modes. Althobgly Bire intrinsic of the Kirchhoff-Saint
Venant constitutive model, it continues to be popular antbegvirtual surgery community since it
constitutes the fastest way to avoid spurious gain in voltypeal of linear elastic models, when
large deformations are being consider&d]] An example of the result given by a forward-Euler
scheme for this same problem is shown in Fidghelow. Although no unphysical gain in volume
—typical of linear elastic approaches to the problem— isisee obtained displacement at beam
tip is much higher than the reference one, obtained by fitdi@ment methods. This is due to some
well-known instabilities of the Kirchhoff-Saint Venant miel under compression.

In general, the number of functions employed in the approximation depends on tiseeg level
of accuracy. Increasing the number of separated functiotisei approximation leads, of course, to

Copyright© 2012 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Biomed. Engng. (2012)
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10 NIROOMANDI, GONZALEZ, ALFARO, BORDEU, LEYGUE, CUETO, CHIESTA

Figure 3. Deformed beam for a particular location of the plmad. Note that no unphysical gain in volume
is observed.

higher computational costs in the off-line part of the meth®ut we highlight that this computation
is done only once for life, and stored in memory. The on-liag pf the simulation is virtually not
affected, since only some vector multiplications shoulgédormed in addition, which do not alter
the overall efficiency f the proposed method.
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Figure 4. Spurious deformation obtained by employing steshdforward-Euler schemes. Note the
instabilities near the beam clamping due to compressiesss.

4.3. Palpation of the liver
The liver is the biggest gland in the human body, after tha.dkiver geometry has been obtained
from the SOFA projectd] and post-processed in order to obtain a mesh composed ¥yr&ites

Copyright© 2012 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Biomed. Engng. (2012)
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and 10519 tetrahedra, see FigThe liver is connected to the diaphragm by the coronanniigat

S0 it seems reasonable to assume it to be constrained atgtezippface by the rest of the organs,
while the anterior face is accessible to the surgeon. Tlgiorfvena cava travels along the posterior
surface, and the liver is frequently assumed clamped adbatibn. Although the assumed boundary
conditions are not strictly correct from a physiologicalmimf view, our main interest is to show
that the model can be solved under real-time constraintsieé@sonable accuracy.

Although the literature on the mechanical properties of liker is not very detailed, we
have assumed a Young’s modulus of 160 kPa, and a Poissoncemdffof 0.48, thus nearly
incompressiblel7].

TheT surface, where the load can be located, has been defined ashthe boundary of the
domain, even if in this case, only the frontal part of the argausually accessible to the surgeon.
This region includes 2009 of the 8559 nodes of the model.

Y Y

b —d

Figure 5. Finite element model for the human liver.

Model’s solution was composed by a totalof= 167 functional pairsz’?'(w) -ij'(.s) (see Eq.
(3)). The third component (thus= 3) of the first six modes( ¥ () is depicted in Fig6. The same
is done in Fig.7 for functionsY’, although in this case they are defined only on the boundattyeof
domain, i.e.T' = 99.

Noteworthy, bothX andY sets of functions present a structure similar to that geedrhy
Proper Orthogonal Decompositions methods, despite théHatthey are not, in general, optimal.
Note how the frequency content of each pair of functionsdases as we increase the number of
the function k.

The solution provided by the method agrees well with refeedfE solutions obtained employing
full-Newton-Raphson iterative schemes (following the saemdency than that shown for the beam
bending problem). But, notably, the computed solution caistored in a so compact form that an
implementation of the method is possible on handheld dexdoeh as smartphones and tablets. For
instance, for Android-operated devices, an applicatianbdeen developed (we call it iPGD and is
freely downloadable fromi[0]) that runs the model on a Motorola Xoom tablet running Andl& 0
without problems (only the surface of the model is represgfdr simplicity, given the limitations
of the Android OS). See Fi@. The 25 Hz feedback rate necessary for continuous visueépgon
is achieved without problems.

For more sophisticated requirements, such as those didigiieaptic peripherals, a simple laptop
(in our case a MacBook pro running MAC OSX 10.7.4, equippett wiGb RAM and an Intel core
i7 processor at 2.66 GHz) is enough to achieve this perfocmdreedback rates in the order of kKHZ
are obtained without problems.

Copyright© 2012 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Biomed. Engng. (2012)
Prepared using cnmauth.cls DOI: 10.1002/cnm



12 NIROOMANDI, GONZALEZ, ALFARO, BORDEU, LEYGUE, CUETO, CHIESTA
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Figure 6. Six first functions<% (z), k = 1, ... 6, for the simulation of the liver.

5. CONCLUSIONS

Model order reduction seems to play an important role in-tiea¢ simulation of soft biological
tissues. In the last times there have been a number of ptibliszon the use of POD techniques
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Figure 7. Six first functiong’¥(s), k = 1,...6, for the simulation of the liver. Note that, in this case,
functionsY ¥ (s) are defined on the boundary of the liver only.

to this class of problems. However, POD-based approachas se over-simplify models and
approaches other thagg] do not reproduce properly the non-linearity of soft tissue this paper
a new approach to the problem has been introduced. It is mas#te use of Proper Generalized
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Figure 8. An example of the implementation of the iPGD agtlan for the liver problem.

Decomposition methods. This implies a complete change fdigm, since PGD (in contrast to
POD) do not need for prior computer experiments to genehaterapshots needed to construct the
optimal basis functions. The reduced approximation basesseparated form, are constructed on
the fly.

PGD, on the contrary, operate in a two-stage approachly-agjeneral meta-model is computed
apriori once for life. During this intensive computation phase thieitson to the high dimensional
model is computed as a finite sum of separable functions. ddnspact solution, although not
optimal, in general, provides with a very light format torstahe solution in the form of a meta-
model that provides the solution to the problem for any patamvalue. In this particular problem,
parameters are chosen as the position of the contact fotaede organ and surgical tool (scalpel)
and orientation of the load (thus rendering a problem defiméky).

This meta-model is then evaluated under real-time regtnistvery efficiently (reaching more
than 1kHZ in a MacBook pro laptop, for instance). In this pag@me benchmark examples have
been given to justify the accuracy of the proposed approacparticular, two different explicit
algorithms for time integration of the resulting equatidr@/e been proposed. These algorithms
have shown to work well, although the development of moreaisbistrategies of linearization of
the weak form of the problem, based on the use of Asymptotimétical Methods, are now being
sought. This is part of our current effort of research.
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