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Figure 6. Load-displacement curve (in terms of the load parameter λ) for one particular load position of the
liver palpation problem. Different solutions for different orders of expansion (p = 1, . . . , 6) compared to the FE
solution by employing Newton-Raphson algorithms. Noticeably, the Newton-Raphson algorithm did not converge

when solving the case λ = 1.
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Figure 7. Vertical displacement field of the Kirchhoff-Saint Venant liver for one particular position of the load.
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Figure 8. Functions F 1

i (x), for i = 1, 2, 3 and 20, respectively, for the first-order expansion, in the simulation of
the Kirchhoff-Saint Venant liver.
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Figure 9. Functions F 4

i (x), for i = 1, 2, 3 and 20, respectively, for the fourth-order expansion, in the simulation
of the Kirchhoff-Saint Venant liver.
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Figure 10. Functions G1

i (s), for i = 1, 2, 3 and 20, respectively, for the first-order expansion, in the simulation of
the Kirchhoff-Saint Venant liver.
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Figure 11. Functions G4

i (s), for i = 1, 2, 3 and 20, respectively, for the fourth-order expansion, in the simulation
of the Kirchhoff-Saint Venant liver.
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The compressible Neo-Hookean model is characterized by a strain energy function given by

Ψ =
µ

2
(tr(C)− 3)− µ ln J +

λ

2
(ln J)2 (37)

where λ and µ are Lame’s constants and C = I + 2E is the right Cauchy-Green strain tensor. The
second Piola-Kirchhoff stress tensor can be obtained by

S =
∂Ψ(E)

∂E
= µ(I −C−1) + λ(ln J)C−1. (38)

In this case the intricate expansion procedure becomes easier if we identify, as in [12], the asymptotic
expansion with a Taylor series of the variables of interest, denoted by U(a), in the vicinity of a = 0.
Truncating at orderN :

U(a) = U0 +
N
∑

p=1

Upa
p (39)

where U0 = U(0) and

Up =
1

p!

dpU

dap

⌋

a=0
. (40)

In this case, as in [33], we have selected the following variables to perform the expansion:

U(a) =

















u(a)
S(a)

J2C−1(a)

ln
√
J2(a)

1

J2 (a)

λ(a)

















. (41)

By performing the substitution of the before mentioned variables into the weak form of the problem,
see Eq. (21) we arrive to a problem entirely similar to that in Eqs. (34) and (35). The entire details are
provided, for completeness, in Appendix 1.

5.2.1. Neo Hookean beam under bending We reproduce here the problem in Section 5.1.2 but
considering a neo Hookean constitutive model. The deformed configuration of the beam at expansion
orders 1 to 4 is depicted in Fig. 12. Note how the first-order expansion (linear approach) shows a
tremendous gain in volume that renders the simulations clearly non-physical. Again, expansions up to
order 4 to 6 were judged sufficient to obtain a good approximation to the reference solution, see Fig.
13. Obviously, higher accuracy can be obtained by increasing even more the expansion order. Up to
p = 15 is a typical value of the expansion order in the ANM literature.

5.2.2. Palpation of a neo-hookean liver The same procedure has been applied to the problem in
Section 5.1.3 but now considering neo-hookean behavior. The neo-hookean law in Eq. (37) has been
now particularized to E = 0.17 MPa and ν = 0.48. As in previous examples, a PGD-ANM solution
has been obtained and compared to a standard finite element solution at a particular node. To this end,
standard Newton-Raphson procedures have been employed for the solution of the resulting non-linear
system of equations. The load-displacement curve for this particular node is shown in Fig. 14.
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Figure 12. Solution for the neo-hookean beam bending problem at different expansion orders.

In this case the observed agreement between the PGD-ANM solution and that of the finite element
model is even higher than in the previous example. For a fourth order expansion, the agreement between
the predicted load-displacement curves is almost exact.

Remember that our approach is based upon an off-line/on-line procedure such that, once the off-line
computation has been done, its solution is stored in the form of a series of one-dimensional vectors that
are evaluated in real time very efficiently. The solution thus computed is a multidimensional one, that
is particularized on-line. This procedure is sketched in Fig. 15.
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Figure 13. Solution for the neo-hookean beam bending problem at different expansion orders.
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Figure 14. Comparison between the PGD-ANM solution, at different expansion orders, and that for a standard
finite element solution for a load at a particularized position. Neo-Hookean behavior.
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Figure 15. The result of the off-line PGD simulation is a multidimensional solution that depends on the load
position. Thus, evaluating the solution for a prescribed load is entirely similar to performing a cut on a hyper
volume Ω× Γ̄. In the figure, the red line on the blue liver represents approximately the path followed by the load

over the surface of the liver. The displacement is magnified by a factor of 2.0.

6. ConclusionsThe problem of PGD approaches to non-linear problems has been addressed here, with a particular
emphasis on hyperelasticity. The development of suitable linearizations for complex non-linear
problems formulated under a PGD framework has been a major focus of attention for our community
in the last years. Firstly because consistent linearizations of the complex weak forms appearing in
these formulations are far from being readily available. Previous works include explicit approaches to
these problems [34] but are difficult to generalize to arbitrary hyperelastic models or constitutive laws.
The presented technique could be applied to any hyperelastic constitutive law, and, in view of existing
results in the ANM, possibly to other non-linearities such as plasticity.

Here we have proposed a combined PGD-Asymptotic Numerical Method approach. The main
advantages of this approach is that it produces a series approach to the solution that involves the same
tangent operator for all the terms in the expansion. Thus costly stiffness matrix updating procedures,
that constitute nowadays one of the main problems in the model order reduction community, are
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avoided. It has been shown how the proposedmethod provideswith a very accurate solution to complex
problems in the form of a meta-model that can be evaluated at very high feedback rates (even at real
time rates on the order of 1 kHz) with very little computational cost. This is precisely one of the
most attractive features of the just proposed method. It combines and off-line/on-line procedure by
which a truncated expansion of the multi-dimensional form of the displacement is obtained and stored
in memory. After, these modes are evaluated in the on-line procedure of the method at extremely
fast feedback rates. We believe that this philosophy opens new possibilities in the field of real-time
simulation that deserve to be explored.
Other problems remain open, however. Notably, optimality of PGD approaches (i.e., under what

circumstances a priori PGD modes are equivalent to a posteriori POD or SVD modes) is not well
understood. It has been noticed in the examples throughout this work that, unlike those in previous
explicit approaches, PGD-ANM modes seem not to be optimal. They are highly oscillating and
numerous for a prescribed tolerance. The solution is simple, however. It suffices to obtain the SVD
modes that show most of the energy of the system to get a very compact representation of the solution
(the so-called projected PGD, see [36]). But in any case, it seems pertinent to work in discerning what
are the key ingredients of optimality in a PGD approach. This constitutes one of our current efforts of
research.
In any case, although not optimal, the proposed method provides with a very competitive solution

to highly demanding problems in applied sciences and engineering such as dynamic data-driven
problems, real-time response even under very restrictive scenarios (haptic peripherals, for instance),
simulation-driven control of structures and processes, and many others, where non-linear simulations
are nowadays standard in industrial practice.

APPENDIX

I. Derivation of the tangent stiffness matrix for the neo-hookean case

For the neo-hookean case explained in Section 5.2, the tangent stiffness matrix takes the following
form:

Kt =

∫

Ω0

(BTDB +GT S̃0G)dΩ, (42)

where
D = λ

(

1

J2
0

C−1
0 MT

0

)

+ 2(µ− λ ln J0)

(

1

J2
0

(C−1
0 MT

0 )− C̃0

)

(43)

now takes into account the material non-linearity and has a somewhat similar appearance to the
Lagrangian elastic tensor at the initial state. J0 and C0 represent the Jacobian and right Cauchy-
Green strain tensor of the initial solution. M0 is obtained from the series expansion of the Jacobian,
and contains minors of C0. Finally, C̃0 is obtained from the series expansion of C−1 and contains
components ofC0, arranged in a particular way.
The geometrical non-linearities are included in the matrices B, G and S̃0. B represents the usual

strain-displacement matrix, G relates the nodal displacements u and the gradient of displacements
vector, and, finally, S̃0 represents a matrix that contains the initial stresses (we have chosen the same
notation as in [17]).
In the right hand side of Eq. (35), the non linear load vector fnl

p is a vector containing information
of material and geometrical non-linearities of all order problems ranging from order one to p − 1. It
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can be written as:

fnl
p =

∫

Ω0

(BT (Snlmat
p + Snlgeom

p ) +GTS∗

p)dΩ (44)

As in the stiffness matrix, Snlgeom
p and S∗

p represent the standard matrices found in literature when
ANM is used to solve geometrical non-linear problemswith linear materials.Snlmat

p takes into account
the material behaviour:

Snlmat
p = (λ ln J0 − µ)

(

CC0

(

RZp −
RJp

J4
0

)

+
RCCp

J2
0

+RC−1
p

)

+ λ

(

CC0

J2
0

(

RYp +
RJp

2J2
0

)

+RSp

)

(45)

In this equation,CC0 represents the cofactor matrix ofC0 andRCCp is a vector containing values
of Cij of all problems from order one to p− 1, obtained when the cofactor matrix ofC is expanded in
Taylor series:

CCp = C̃0Cp +RCCp, (46)

RCCp =

p−1
∑

r=1

















Cr
22C

p−r
33 − Cr

23C
p−r
23

Cr
11C

p−r
33 − Cr

13C
p−r
13

Cr
11C

p−r
22 − Cr

12C
p−r
12

Cr
13C

p−r
23 − Cr

12C
p−r
33

Cr
13C

p−r
12 − Cr

11C
p−r
23

Cr
12C

p−r
23 − Cr

13C
p−r
22

















. (47)

Here,RJp is a summation of products of different components ofCp and is obtained when the squared
Jacobian is expanded in Taylor series:

(J2)p = MT
0 Cp +RJp. (48)

RSp collects terms concerning the expansion of Y = ln J and C−1:

RSp =

p−1
∑

r=1

YrC
−1
p−r. (49)

RC−1
p collects terms concerning Z = J−2 and cofactor matrix ofC expansions:

RC−1
p =

p−1
∑

r=1

ZrCCp−r (50)

Finally, it is necessary to expand Y = ln J and Z = J−2 by using Taylor series and the chain rule
generalized to higher derivatives:

Yp =
1

2J2
0

(J2)p +RYp, and Zp =
−1

J4
0

(J2)p +RZp, (51)
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where

RY1 = 0,

RY2 =
−1

4J4
0

(J2)21),

RY3 =
1

6J6
0

(J2)31 + 2
−1

4J4
0

(J2)1(J
2)2,

RZ1 = 0,

RZ2 =
1

J6
0

(J2)21,

RZ3 =
−1

J8
0

(J2)31 + 2
1

J6
0

(J2)1(J
2)2,

. . .

At this point, a procedure entirely similar to that of Eq. (36) is performed, leading to an equivalent
expression of the displacement in terms of a power series in parameter a where each term is composed
by a finite sum of separable functions.
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