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Real-time simulation of surgery by model

reduction and X-FEM techniques

Abstract

Interactive (that with haptic feedback) simulation of surgery needs for increasingly fast
simulation techniques. Feedback rates are nowadays fixed around 1 k H = for haptic pe-
ripherals and around 30 H z for visual display. Such tremendous rates impose very dras-
tic limitations to the simulation procedure. In order to achieve haptic realism, several
techniques have been tested in the literature. These include mass-spring systems, the
use of linear elastic explicit finite element codes or, more recently, the use of Graphic
Processing Units (GPU) to speed up the simulation.

In any case, in order to achieve realistic results compatible with the sense of touch,
large strains must be taken into account, together with sophisticated, state of the art
constitutive models for the soft tissues. This has not been achieved to date, up to the
author's knowledge.

Techniques based on model order reduction (MOR) have received an increasing at-
tention in the last years, and have been employed for interactive simulation of linear
elastic solids undergoing large strains (Barbic and James, 2005). In this thesis, how-
ever, a study has been made in order to discern if MOR techniques are suitable for the
simulation of soft living tissues.

In chapter 2 a technique based upon Proper Orthogonal Decomposition (POD) has
been employed to simulate at haptic rates the governing equations fora human cornea
under a hyperelastic, fiber-reinforced constitutive model. While the technique is able to
efficiently simulate these models, errors up to 20% have been noticed, still acceptable.

In chapter 3 a novel technique has been developed that allows for an accurate so-
lution of material and geometrical non-linear hyperelastic models without the need
of stiffness matrix inversions. It is based upon the combination of POD techniques
and Asymptotic Numerical Methods, which provide an accurate description of the non-
linear stress-strain curve of these organs in a convergence interval of sufficient width.

Finally, the use of globally supported basis functions, an essential characteristic of
POD techniques, very much complicates the task of simulating surgical cutting. To that
end, a multiscale method has been developed that enriches the displacement field with
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an X-FEM-like, discontinuous, field that avoids the need of remeshing, impossible under

such severe time restrictions.
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Real-time simulation of surgery by model

reduction and X-FEM techniques

Resumen y Conclusiones

La simulacién quirdrgica virtual presenta retos formidables para las técnicas de si-
mulacién numérica. Para aquellos sistemas en los que se busca una respuesta haptica
(aquella en la que los periféricos proporcionan una respuesta en fuerza), ésta debe cal-
cular a una frecuencia de alrededor de 1 kHz. Si lo que se pretende es un realismo
visual, por ejemplo, entonces unos 30 H z son suficientes.

Para lograr estas cifras se han empleado recientemente técnicas de muy variada in-
dole. Los primeros intentos que se pueden encontrar en la literatura estan basados en
el uso de sistemas de masa-muelles que no reproducen siquiera las ecuaciones de la
Elasticidad lineal. Mas recientemente, diversos autores han incorporado métodos de
elementos finitos explicitos o el calculo paralelo en tarjetas graficas (GPU).

Recientemente, Barbic and James (2005) han desarrollado un método basado en la
reduccién de modelos que proporciona resultados muy esperanzadores para el caso
de ecuaciones lineales de comportamiento sometidas a grandes deformaciones.

En esta tesis se ha planteado el desarrollo de una técnica basada en el uso de mode-
los reducidos que sea capaz de simular de una manera apropiada las complejas (fre-
cuentemente, hiperelasticas reforzadas con fibras) ecuaciones de comportamiento de
los tejidos vivos blandos. En el capitulo 2 se presenta una técnica capaz de ello, aunque
presentando un nivel de error no despreciable, todavia compatible con los requerim-
ientos mas habituales en el campo.

En el capitulo 3 la técnica mencionada se ha generalizado, hasta ser capaz de simu-
lar materiales no lineales tanto en sus aspectos materiales como geométricos. Esta
técnica, basada en la combinacion de la descomposicion ortogonal apropiada (POD,
por sus siglas en inglés) y el método asintotico numérico, proporciona excelentes re-
sultados en un entorno de una solucién previamente calculada, sin tener que calcular
actualizaciones de la matriz de rigidez tangente.

El uso de funciones de aproximacion globales (Ritz), sin embargo, complica tremen-
damente la simulacion del corte quirdrgico. A tal fin se ha desarrollado una nueva téc-

11
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nica basada en una metodologia multiescala que combina los modelos reducidos pre-
sentados en los capitulos anteriores con el X-FEM, de forma que no resulta necesario
remallar para simular el corte.

Conclusiones

Las conclusiones mas sobresalientes de esta tesis son las siguientes:

e Se ha desarrollado una técnica de reduccion de modelos que permite, todavia
con un cierto nivel de error, simular a frecuencias hapticas materiales complejos,
especialmente hiperelasticos.

e Para minorar los niveles de error, las técnicas basadas en la combinacién de mode-
los reducidos y métodos asintéticos numéricos permiten seguir complejas trayec-
torias no lineales in necesidad de actualizar e invertir nuevas matrices de rigidez
tangentes.

e Finalmente, se ha demostrado que la combinacién de las técnicas de reduccién
de modelos y de X-FEM permiten una simulacion especialmente apropiada de los
procesos de corte quirdrgico.

e En general, las técnicas de reduccidon de modelos se muestran como una alterna-

tiva prometedora en el campo de la simulacién quirdrgica.
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Chapter 1

Introduction

1.1 Introduction

Minimally invasive surgery (MIS) has become more and more common in the last dec-
ade. A minimally invasive procedure typically involves use of laparoscopic devices and
remote-control manipulation of instruments with indirect observation of the surgical
field through an endoscope or similar devices. These instruments are inserted through
the skin or through a body cavity or anatomical opening. This may result in less pain,
less strain of the organism, small injuries (aesthetic reasons), economic gain because of
shorter hospital stays, etc. On the other hand, there exist some important difficulties
for the surgeon as a result of his restricted vision of the organs, difficult handling of the
instruments, very restricted mobility, difficult hand-eye coordination and no tactile per-
ception. Therefore, an important training phase is required before a surgeon acquires
the skills necessary to adequately perform minimally invasive surgery. Currently, sur-
geons are trained to perform minimally invasive surgery by using mechanical simula-
tors —just like plane pilots have been trained for many years—or living animals. There
is some consensus on the limited realism of the mentioned simulators, see Figs. 1.1,
1.2, due to the complexity of the simulations to be carried out (Delingette and Ayache,
2004). The latter training method consists in practicing simple or complex surgical pro-
cedures on living animals (often pigs for abdominal surgery).

Because of the limitations of current training methods, there is a large interest in
developing surgery simulation software, possibly with haptic feedback, for providing
efficient and quantitative gesture training systems (Delingette, 2000). Haptic feedback
takes advantage of a user's sense of touch by applying forces, vibrations, and/or mo-
tions to the user.

25
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Figure 1.2. The only spanish surgical simulator, insight, made by GMV
http://www.gnv.com.
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Surgical simulators can be classified into three categories or generations (Satava,
1996). The so called first generation of the simulators is based on the anatomical in-
formation. And mainly the geometry of the organs are included in the simulator. The
shape, surface, volume and morphology of the organs are considered in the simulators
of this category. The second generation of simulators describes the physical proper-
ties of the human body; it enables the simulation of basic surgical gestures such as
cutting or suturing. There are some simulators of this kind for the simulation of chole-
cystectomy, arthroscopy of the knee and hepatectomy (Delingette and Ayache, 2004).
Simulators in this category are capable of computing the deformation of the soft tissue
under forces and they can also take into account temperature changes. The simulators
of the third generation go one step further and consider some aspects of the physi-
ological behavior of the human body. In this way they are intended to model blood
flow, organ movements and certain diseases for instance. A schematic of these three
generations of simulators is shown in Fig. 1.3.

Third Generation Blood Cells

E Physiol
Medical Simulator @ ysiology

Second Generation

Medical Simulator Liquid/Sclid
Morphology
First Generation
Anatom
Medical Simulator Y

Physics

Figure 1.3. The three generations of surgical simulators. Cf. Delingette and Ayache
(2004).

Although the latter category of simulators is very promising it is very difficult to take
into account all those details in the simulator because of the enormous amount of com-

ComputationalMechanics
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putation due to coupling between physiology and physics of the organs. To our know!-
edge no such simulator has been developed yet, although some instances are able to
include tumors, for instance, in brain surgery. NeuroTouch, for instance, that is used for
brain surgery, was developed with collaboration of about fifty researchers and doctors
from ten research centers and funded by National Research Center of Canada (project,
2009).

In general, a surgical simulator consists of several components: input devices, the
core of the simulator and output devices (Delingette and Ayache, 2004). Fig. 1.4 shows
the architecture of a simulator. The input devices consist of a force-feedback (haptic)
device with which the user moves the virtual surgery tools, a mouse and a keyboard
to have a good view of the operation zone. The core of the simulator does the geo-
metrical and the physical modeling. Geometrical models are obtained using medical
imagery like Computerized Tomography (CT-scan) and Magnetic Resonance Imaging
(MRI) after they have been converted to standard 3D graphics file formats. Physical
models depend on the specific soft tissue. The core of the simulator also detects col-
lision between virtual tools and the soft tissue and then calculates the corresponding
reaction forces on the tools. The computed data is sent to the output devices which
consist of a screen and a haptic device. The haptic device transforms reaction forces
and moments to the user and makes him/her have the perception of virtual contact
with the tissue. Fig. 1.5 displays a diagram of the processes that are performed in a sur-
gical simulator. There are some requirements for visual and haptic feedback that make
simulations difficult to perform in real time. A surgery simulator must provide a realis-
tic visual presentation of the surgical procedure. Visual feedback is specially important
in video-surgery because it helps the surgeon to acquire a tridimensional perception
of the environment. If the positions, orientations and deformations of objects on the
screen are updated at a rate less than about 30 times per second, users will no longer
perceive the simulation as continuous motion. Haptic feedback provides the sensation
of the movement to the user and therefore it significantly enhances his surgical perfor-
mance. But it should have a frequency between 300 and 1000 H z that is very difficult
to achieve for complex tissue behavior and usually a trade-off between computation
time and accuracy is adopted. Fig. 1.6 shows a comparison of accuracy and computa-
tion time in various disciplines.

UniversidadZaragoza
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Input Devices

Force Feedback device Keyboard

/

Core of the simulator

a

Collision detection

Geometric Modeling Physical Modeling
\ Haptic rendering Visual rendering /
Force Feedback device Screen

Output Devices

Figure 1.4. Schematic architecture of a surgical simulator (Delinguette, 1998).

1.2 State of the art

In order to comply with these requirements different methods have been used during
last years often with trade-off between time and accuracy, see Fig. 1.7. Among them

ComputationalMechanics
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“Haptic” device

f, <«—
\
\

\

\

\

AR

\

A

Resulting Forces

—» | Positions(x,y,z)

l

Deformation |—— | Stress field

Figure 1.5. Simplified mechanism of a surgical simulator.

are mass-spring methods, surface models, finite element and boundary element meth-
ods. Spring-mass models consist of points with mass that are linked by springs and
dashpots. The spring stiffness and damping constant are usually determined by ex-
periments. They have been used extensively for simulating soft tissues (Waters, 1992),
(Kenedi et al., 1975), (Delinguette et al., 1994). The main advantage of spring models is
their ease of implementation and they have been used for statics and dynamics analy-
sis. Another advantage is their ability to model cutting and suturing simply by remov-
ing or adding connections between vertices. However, there are some disadvantages
with these models. The most important is that, in general, they do not reproduce the
laws of linear elasticity and conservation of mass (Meier et al., 2005).

Most of the nowadays simulators are based on the laws of continuum mechanics.
Among the available numerical methods for solving these models, finite element and

UniversidadZaragoza
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Accuracy of results
A

Scientific Computation

‘ Surgery Planning

{Visual Rendering}

Haptic Rendering‘

| | | | -
T T T »

1ms 0.1s 1 min 1hour Computation time

Figure 1.6. Comparison of accuracy vs. computation time in various disciplines. Cf.
Delinguette (1998).

boundary element methods can be mentioned (Monserrat et al., 2001). A review of dif-
ferent soft tissue models based on continuum mechanics is given in Famaey and Stolen
(2008). Many of these simulators exploit the laws of linear elasticity in which infinites-
imal strain and small displacements are assumed. By doing so a lot of time is saved by
pre-computation of stiffness and mass matrices. Although if the body undergoes large
displacements, which is nearly always the case, the amount of error will be substantial.
In order to solve this issue large displacements can be considered in the model which
givesrise to the so called geometrically non-linear models. Fig. 1.8 shows a beam mod-
eled with linear elasticity in the above figure and considering large strains in the below
figure. As can be noticed, the difference is substantial, with a neat gain of volume in
the former case. The result is that the surgeon perceives the motion as unrealistic.

However, it is known that soft tissues are composed of collagen fibers and include
considerable amount of water (Holzapfel and Gasser, 2000). This complex composi-
tion cannot be well simulated using only geometrically non-linear models and other
constitutive laws should be used for a better approximation of the behavior of these
tissues. Among them the so-called Holzapfel model (Holzapfel and Gasser, 2000) and
neo-Hookean strain energy functions (Bonet and Wood, 2008) are very common.
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Figure 1.7. Different methods tried so far for surgery simulation, adapted from Meier
et al. (2005).

Other methods like mesh free methods have been recently used for real-time sim-
ulation of soft tissues. Lim and De (2007) applied the point collocation-based method
of finite spheres (PCMFS) technique to simulate tissue deformations that are geomet-
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Figure 1.8. Beam modeled using linear elasticity laws (top) and geometrically non-
linear strain measures (bottom). Note that the scale in the displacement legend is the

same.

rically nonlinear. The technique is based on a novel combination of a multi-resolution
approach coupled with a fast analysis scheme in the nonlinear model.

Capell et al. (2002) computed the equations of motion for a linearly elastic material
using FEM and then by using coarse volumetric meshes to do simulations at interactive
rates.

A system based upon the use of neural networks has been presented in Deo and
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De (2009). In it, the system is trained with a large set of possible load states in order to

achieve real-time performance in the execution loop.

Very recently, General Purpose Graphic Processing Units (GPGPUs) have been incor-
porated into the field of surgical simulation. It is is able to perform very fast operations,
and a complete non-linear, explicit, finite element code has been implemented in that
work with a gain on speed of the order of 20 times (Taylor et al., 2008). This approach
has allowed to implement medium-sized models (16000 tetrahedrons) including neo-
Hookean behavior in an explicit total Lagrangian approach. The main drawback of this
elegant approach to the problem is the conditional stability of explicit integration pro-
cedures and also the explicit evaluation of the constitutive laws.

1.3 Model Order Reduction techniques

Model Order Reduction (MOR) in computational mechanics has a strong tradition, start-
ing from the early years in which the performance of computers implied the need for
models with very few degrees of freedom (Idelsohn and Cardona, 1985; Krysl et al.,
2001). But similar techniques are employed in many other branches of Engineering and
Applied Sciences: real-time simulation (Barbic and James, 2005), Chemical Engineering
(Park and Cho, 1996), turbulence (Sirovich, 1987), weather forecast (Lorenz, 1956) and
many others. This method of analysis has wide application in scientific problems in
which one deals with dauntingly large datasets resulting from large-scale computing.
The slant of this exposition is that typically large datasets intrinsically define an optimal

means for their own treatment.

This technique goes back to the beginning of the century (Pearson, 1901) and has
been associated with a variety of names, since it has been employed and rediscovered
in many branches of science and engineering. Maybe the most common names are
Karhunen-Loéeve decomposition (Karhunen, 1946; Loéve, 1963), proper orthogonal de-
composition, POD, (Sirovich, 1987) or empirical orthogonal functions (Lorenz, 1956).
Karhunen-Loeve (KL) decomposition or proper orthogonal decomposition (POD) will
be used throughout this text.

Recent applications of model reduction techniques for the analysis of non-linear
solids and structures include the works by Krysl et al. (2001) and the works of Rycke-
lynck et al. for "a priori" model reduction (see Ryckelynck (2003, 2005); Ryckelynck et al.
(2006)). Also, recently, new extensions of the method have been developed, giving rise
to the so-called non-linear dimensionality reduction (Tenenbaum et al., 2000). In Krysl
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etal. (2001) MOR has been applied to explicit and implicit time integration of the equa-
tions of elastodynamics. As most of the computation time is devoted to solving many
systems of equations, by exploiting MOR the computation time reduces by about 40
percent. Such saving is quite considerable especially in optimization and control that
a great number of problems are to be solved. Although this is a general approach but
computations cannot be performed in real time.

Barbic and James (2005), however, exploited dimensional model reduction tech-
niques to build reduced-coordinate deformable models for bodies with complex ge-
ometry using St. Venant-Kirchhoff constitutive law. In this way they have performed
simulations at real-time update rates of geometrically-nonlinear materials. Even though
the method seems not to be generalized to more complex material behaviors like neo-
Hookean constitutive laws, they have shown that Proper Orthogonal Decomposition,
which is not exactly their approach, is a promising tool for real-time applications.

In general, all these techniques share some common characteristics. It is necessary
to have some previous data coming from previously computed, detailed models (in
this frameworks, the work by Ryckelynck (2005) is an exception). These data can be
obtained after numerical simulations made off-line and stored in memory. But they
can be also obtained from physical experiments, for instance. For the work here pre-
sented the first option has been chosen, as will be explained later, and FE models of
the organs being simulated will be considered as an "exact" to compare with. From
these data the relevant information about the (non-linear) behavior of the tissues is
extracted by Karhunen-Loeve decompositions. Then they are employed to construct
a very fast Galerkin method with very few degrees of freedom. FE methods have had
a tremendous success in many branches of science and engineering because of their
simplicity and good performance in many fields. They employ piece-wise polynomi-
als as a basis to construct an interpolation of the unknown field of interest (usually the
displacement field, but also velocities, pressure and stresses are unknowns in different
FE formulations). These piece-wise polynomials are very simple and general functions
defined over a very restricted domain (the element itself and the elements connected
to that). In model reduction techniques we employ global basis functions that have
the whole domain as their support; But they are of "high quality". This means that in
the construction of these basis we employ available information on the problem. The
more information we have, the better quality basis functions will be constructed. And,
of course, the better results will be obtained.

Models that differ slightly from the original ones can thus be computed with a very
important, sometimes impressive, computational saving, employing only a very limited
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number of degrees of freedom.

1.4 Objectives

Real-time requirements pose very severe constraints in the simulation method to be
employed, as commented before. One of these limitations is that, in general, there
is not enough time to perform tangent stiffness matrix updates for non-linear consti-
tutive equations of soft tissues. This is why very few works have actually dealt with
material non-linearities at haptic feedback rates.

In this thesis the objective has been set to analyze if model order reduction meth-
ods, and more specifically, POD techniques, can be employed to this end. As will be
seen, POD provides with very good results (as good as existing methods, at least), but
for much more sophisticated constitutive laws. This can be considered as a true ad-
vancement in the state of the art. However, this level of error is very often around 20%,
and therefore can be improved.

The second objective of this thesis is the development of a method that, without
tangent stiffness matrix updates, could follow complex, non-linear material paths. This
will be accomplished by employing a combination of POD and asymptotic expansions
of the problem at equilibrium points.

Finally, the choice of model order reduction techniques seems to allow for a much
faster simulation, even for very complex and non-linear constitutive equations for soft
tissues. But it very much complicates the issue of simulating surgical cutting. A cut
would imply a change in the mesh, which constitutes a task not feasible at 500 H z
rates. X-FEM seems to be an appealing choice to avoid remeshing, but it is not readily
applicable to Ritz (globally-supported shape functions) Galerkin methods. Therefore,
the third big objective of this thesis is to provide the method with an efficient means
for the simulation of surgical cutting.

Krysl et al. (2001) performed a thorough analysis of the application of POD tech-
niques to solve the equations of elastodynamics, and also some interesting conclusions
can be obtained after the work of Barbic and James (2005), so this thesis will restrict it-
self to the aspects related to material non-linearities.
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1.5 Thesis overview

The organization of the thesis is as follows: the fundamentals of model reduction tech-
niques are explained in chapter 2, where some applications of these techniques in vir-
tual surgery are shown, demonstrating the suitability of POD for virtual surgery simu-
lation. In chapter 3 the asymptotic numerical method (ANM) is firstly introduced and
then the formulation for geometrically-nonlinear problems is reviewed. A combination
of POD-ANM is then developed that allows to follow complex, non-linear, load trajecto-
ries without the need for stiffness matrix updating. Then this formulation is extended
for non-linear hyperelastic materials undergoing large strains. Different examples in
solid mechanics will be presented that show the performance of the proposed tech-
nique. In chapter 4 it is shown how eXtended Finite Element methods can be used in a
combination with POD to model discontinuities with special attention to cutting pro-
cedure as a specific example. Finally, the conclusions obtained from this thesis and the
future work are presented in chapter 5.
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Chapter 2

Real-time simulation of
surgery based upon Proper
Orthogonal Decomposition

2.1 Introduction

One of the main limitations of existing models in real-time simulation is that they do
not take into account the anisotropic and highly non-linear response of virtually all soft
tissues, see Meier et al. (2005) for a recent survey on the topic. Recently, geometric
non-linearities have been taken into account in a work also based on model reduction,
see Barbic and James (2005). But in this case, only linear materials have been consid-
ered (i.e., the so-called Saint Venant-Kirchhoff model, or homogeneous isotropic linear
elastic materials undergoing large strains). Most soft tissues, however, exhibit complex
non-linear responses, possibly with anisotropic characteristics, and frequently show in-
compressible or quasi-incompressible behavior. Geometric non-linearities (those de-
riving from large strains) should be also considered on top of this complex material be-
havior. The standard simulation of these material non-linearities requires the employ
of Newton-Raphson or similar techniques in an iterative framework. In other words, a
tangent stiffness matrix must be inverted, possibly many times, at each time step. This
makes the existing engineering FE codes impractical for real-time simulations.

While most of the existing simulation techniques in real time, as mentioned before,
are based upon Finite Element or Boundary Element techniques, we have pursued a
different philosophy. Following Bro-Nielsen and Cotin (1996), "... We do not care about
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the time taken for one-time pre-calculation such as setting up equations, inverting ma-
trices, etc.".

The technique here presented is based upon existing data on the behavior of the
simulated tissues. These data can be obtained after numerical simulations made off-
line and stored in memory. But they can be also obtained from physical experiments,
forinstance. For the work here presented we have chosen the first option, and FE mod-
els of the organs being simulated will be considered as an "exact" solution to compare
with. From these data the (statistically speaking) relevant information about the (non-
linear) behavior of the tissues is extracted by Karhunen-Loéve decomposition. Then we
employ it to construct a very fast Galerkin method with very few degrees of freedom.

To this end, we employ model reduction techniques based on proper orthogonal de-
composition (Karhunen, 1946), (Loeve, 1963), (Lorenz, 1956), (Ryckelynck et al., 2006).
FE methods have had a tremendous success in many branches of science and engi-
neering because of their simplicity and good performance in many fields. They employ
piece-wise polynomials as a basis to construct an interpolation of the unknown field of
interest (usually the displacement field, but also velocities, pressure and stresses are
unknowns in different FE formulations). These piece-wise polynomials are very simple
and general functions defined over a very restricted domain (the element itself and the
elements connected to that). In model reduction techniques we employ global basis
functions that have the whole domain as their support; But they are of "high quality".
This means that in the construction of these basis we employ available information on
the problem. The more information we have, the better quality basis functions will be
constructed. And, of course, the better results will be obtained.

To obtain the information necessary to construct these "good" basis functions, as
mentioned before, we employ Proper Orthogonal Decomposition (POD) techniques.
And these can be built upon finite element results (or, in general any numerical simula-
tion results, if available) or also upon experimental results. Of course, these simulations
are made off-line and their results are stored prior to starting the on-line simulation.

In order to show the performance of the method, the behavior of the human cornea
is chosen to be simulated, although the technique is equally applicable to any other soft
tissue. Other tissues, such as bones, that in short periods of time present almost linear
response, could be also simulated with this technique, obtaining even better results.
The cornea presents a highly non-linear response, with anisotropic and heterogeneous
behavior due to its internal collagen fiber reinforcement. As an accurate enough model
we have implemented that employed in Alastrué et al. (2006). The interested reader is
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referred to that paper and the references therein for further details on the mechanical
response of the cornea.

2.2 Model reduction techniques

2.2.1 Fundamentals: Karhunen-Loéve's Decomposition

In this technique it is assumed that the evolution of a certain field u(x, t) is known. In
practical applications (assume that we have performed some numerical simulations off-
line, for instance), this field is expressed in a discrete form which is known at the nodes
of a spatial mesh and for some instants of time ¢". Thus, we consider that u(x;, t™) =
u™(x;) = u™ (™ = m x At) are known. We can also write u™ for the vector containing
the nodal degrees of freedom at time ¢"*. The main idea of the Karhunen-Loéve (KL) de-
composition is to obtain the most typical or characteristic structure ¢(x) among these
u™(x), Vm. This is equivalent to obtain a function that maximizes the functional a:

S [ Y ol (@)
o= — (2.1)
S (0(@)?

where N represents the number of nodes of the complete model and M the number

of computed time steps. The maximization leads to:
Dl
m=1

which can be rewritten in the form

i { i [ i “m(wi)um(mj)¢(mj)]¢3(wi)} = OéZé(%)(b(%); Vo o (23)

i=1 7j=1 m=1

=N

q3<wi>um<a:z->)(jZij)um(wj))] =aiZN&<wi>¢<mi>; V6 (22)

e

Defining the vector ¢ such that its i-th component is ¢(x;), Eq. (2.3) takes the fol-

lowing matrix form

~T ~T ~
b cdp=ap ¢ Vo=cop=ad (2.4)
where the two-point correlation matrix is given by
m=M m=M
Cij = Z u™ (x;)u" (x)) & ¢ = Z u™(u™)" (2.5)
m=1 m=1
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which is symmetric and positive definite. If we define the matrix @ containing the dis-
crete field history:

1 2 M

ul ul e ul
Q=|(." .7 . . (2.6)

1 2 M

uN uN e uN

then it is easy to verify that the matrix c in Eq. (2.4) results in

c=QQ" (2.7)

2.2.2 A posteriori reduced modeling

If some direct simulations have been carried out, we can determine v}, Vi € [1,--- , N]|
and Ym € [1,---, M], and from these solutions the n eigenvectors related to the
n-highest eigenvalues that are expected to contain the most important information
about the problem solution. For this purpose we solve the eigenvalue problem de-
fined by Eq. (2.4) retaining all the eigenvalues ¢, belonging to the interval defined by
the highest eigenvalue and that value divided by a large enough value (10 in our sim-
ulations). In practice n is much lower than N, and this constitutes the main advantage
of the technique. Thus, we can try to use these n eigenfunctions ¢, for approximating
the solution of a problem slightly different to the one that has served to define u". For
this purpose we need to define the matrix A = [¢; - - - ¢,,]

o1(x1)  pa(xy) -0 Pul(T1)
A= ¢1(:x2) (bz(:@) ¢"(:w2> (2.8)

o1(zN) Pa(xn) 0 Pn(TN)

Now, if we consider the linear system of equations coming from the discretization
of a generic problem, in the form:

Ku" = F™! (2.9)

where the superscript refers to the time step, then, assuming that the unknown vector
contains the nodal degrees of freedom, it can be expressed as:

ut =Y (g = AC" (2.10)
i=1
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from which Eq. (2.9) results
Ku" =F"'=KA¢( = H™! (2.11)

and by multiplying both terms by A” we obtain

ATK A(™ = ATF™! (2.12)

which proves that the final system of equations is of low order, i.e. the dimension of
ATG Aisn x n,withn < N.

2.3 Interpolation of reduced models

As it was explained before the reduced model employs the tangent stiffness matrix, K,
linearized from the non-linear problem formulation at a given time instant. Instead of
inverting the full stiffness matrix of size N x NV, we employ model reduction techniques
to invert the matrix A7 K A, of size r x r, that is much lower than the original size, as
mentioned before.

However, this tangent stiffness matrix K corresponds to a given state of the model
(i.e., a given load position and load value, for instance, in mechanical problems). Differ-
ent load values would lead to different matrices K along the loading path (this is due
to the non-linear character of the problem).

It is proposed to perform some direct simulations for a set of different positions of
the surgical tool. For each tool position a reduced-order basis set can thus be com-
puted. But the position of the tool at the on-line simulation does not need to coincide
with the precomputed ones, and therefore some interpolation scheme is needed if the
load is placed at positions different from the originally computed ones. Therefore, we
need to interpolate the reduced basis sets, from pre-computed complete models, to
an arbitrary position of the load.

How to interpolate reduced models is currently an active area of research, and differ-
ent methods have been proposed so far. The most prominent two are now reviewed.

2.3.1 Interpolation of the reduced basis: a geometrical approach

Amsallem and Farhat (2008) have pointed out that the set of empirical eigenfunctions
given by Eq. (2.4) for a given model forms the so-called Grassman manifold G(n, V).
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I's,g(0,N)

g(n,N)

Figure 2.1. Schematic description of the Grassman manifold formed by the set of basis
functions of all the reduced modes of a given model.

Therefore, in order to interpolate the set of basis functions, that consequently do not
form a vector space, we must move to the tangent plane at a point of the manifold,
which is a "flat" space, interpolate there, and project back to the manifold, as schemat-
ically explained in Fig. 2.1.

In this way, the columns of A constitute a basis of the subspace S, of dimension n
of the space RV. At each point S of the manifold G(n, N) one can define a tangent
plane of the same dimension, 75, with its points defined by a matrix I' € R®Y¥*", The
exponential mapping Exps transforms y in an n-dimensional subspace S’ given by a
matrix A’ € RY*"?, such that

I' =UXVT (Singularvalue decomposition)

A=AV cosYX +UsinX

Conversely, the logarithmic mapping Logs, defines a map between a point in the
neighborhood of § € G(n, N) and the tangent plane at the origin. Thus, the image of
&', in a neighborhood of S, given by the logarithmic mapping, x = LogsS’ € Ts will
be

(I - AAT)A'(ATAY' =UxV"T (Singular value decomposition)
I'=Utan Y (2)V7’

So, consider, for instance, A, € RV>*" and A; € RV*", two matrices representing
two subspaces, obtained for different parameters of the model (for instance, load posi-
tions, but the theory is completely general for other parameters of the model), sy and
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s1. Let Sy, 51 be the two subspaces originated by considering parameters so and s;. Let,
in turn, Y(t) be the geodesic line that joins both subspaces (points in the Grassmann
manifold), having Sy as origin. In that case, the initial derivative of the geodesic line,
that belongs to the tangent plane at Sy, will be

Vo = Logs,S:

such that the matrix representing this initial derivative of the geodesic will be (see Am-
sallem and Farhat (2008) for a complete proof of this)

(I - A A A (AJA) ' =USVT
I'=Utan ' (2)V7

Let S denote the point of the Grassmann manifold representing the reduced-order
basis for the new value of the parameter. 5. The initial derivative of the new geodesic
line, joining S, and the sought interpolated subspace S, will be

Yo =7
with ~
- S — 5o
’[" _—
51 — S0

The computation of the singular value decomposition is not a very time-consuming
task. For instance, on a PC which has 2GHz CPU, the computation of svd(A) using
Matlab, with A a random matrix of 5 x 5000 elements takes on average much less than
1 mes, still compatible with real-time constraints.

2.3.2 POD with interpolation (PODI)

A less rigorous, but much simpler, method to interpolate among previously computed
reduced models was established in Ly and Tran (2005). Although in the standard PODI
technique the POD procedure is applied to the complete set of snapshots (for differ-
ent load positions, say) of the system to obtain an orthonormal basis A = [¢, - - - @,,],
in this thesis we proceed by just applying the POD to each complete model (i.e., to
each load position). Thus, we obtain an orthonormal basis for each system's parameter
value. Basis are then interpolated for intermediate positions of the load. Although it is
clear that the interpolation of orthogonal sets of functions does not yield, in general, to
new orthogonal basis functions, the technique works well if the "distance" of reduced
models in the Grassman manifold is not too large.
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Results obtained with this technique showed to be much more efficient and accu-
rate than those obtained with the more rigorous technique base upon interpolation on
the Grassman manifold. This surprising result is still not well understood by the authors
and is currently one of our research topics. In any case, results presented in section 2.5
were obtained with the PODI technique.

2.4 Ahyperelastic model forthe human cornea

As mentioned before, we have chosen the human cornea as an example of a highly non-
linear tissue. This non-linearity comes from a variety of reasons, such as the internal
collagen fiber reinforcement (material non-linearity) and also from the very large strains
it could suffer. The human cornea is composed of a highly porous material, composed
of about 80% water, and thus quasi-incompressible. Most of the cornea's thickness
(around 90%) constitutes the stroma, that is composed of 300-500 plies of collagen
fibers, distributed in parallel to the surface of the cornea. This microstructure induces
in the corneal tissue a highly non-linear and heterogeneous behavior.

The model here employed for the simulation of the human cornea (Alastrué et al.,
2006) considers the cornea as a hyperelastic material. the initial, undeformed, config-
uration of the cornea will be denoted by €)y. A continuous movement x translates a
point X € () to its location at time ¢, x € ;. Reinforcing fibers, that move con-
tinuously together with the cornea, posses a direction my, with |my| = 1. After the
deformation, this orientation changes to m(x, t), always with unit modulus. The fiber
stretching after the deformation will be given by

rm(x,t) = Fmy (2.13)

where F' = dx/dX represents the deformation gradient tensor. A second family of
fibers, ny, is also considered as reinforcement at each point.

Due to the dependence of strain on the considered direction, the existence of a
strain energy density functional, ¥, depending on the right Cauchy-Green tensor, C =
FTF, and the initial fiber orientations, m, and n, is postulated. Based on the volu-
metric incompressibility restrictions, this functional can be expressed as (Alastrué et al.,
2006)

U(C) =Vu(J) + I (C,my ® mg, ny @ np) (2.14)
where U, (J) describes the volumetric change and ¥(C,mg ® mg, 1y ® ny) the
change in shape. Both are scalar functions of J = detF,C = F' F,where F = J-1/3F,

my and ny.
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Material Cl D CQ k’l kg k‘g ]{34
Cornea 0.1 1e-5 0.0 0.234 29917 0.234 29917

Table 2.1. Material properties (MPa).

Once this energy density functional is known, the second Piola-Kirchhoff stress ten-
sor, S, and the fourth-order tangent constitutive tensor, C, can be determined by

o0V B 0S(C)
S= 2% C= 27 (2.15)
A detailed derivation of the model can be obtained in Alastrué et al. (2006). The

interested reader is referred to this paper for reference.

We have considered ¥, = 5 (Ln(.J))? to enforce the quasi-incompressible behav-
ior of the cornea through the penalty parameter 1/D, and to model the corneal tissue
we have employed the model proposed by Holzapfel and Gasser (2000), initially devel-
oped for arterial tissue:

7= 97 -9+ %(72 —3)+ 2k—];{exp[kz(74 — 17— 13+ Qk—,;{exp[kzx@ -7 -1}

2
(2.16)
Hence, similar approaches can be employed for most soft tissues. Material characteris-
ticsare summarizedinTable 2.1. I, I5, I, . .., I4 are different invariants of the modified
symmetric right Cauchy-Green tensor (Holzapfel and Gasser, 2000). They are defined

as:
— — — 1 — —
I,=tr(C), T,=(tr(©)) - tr(C") (2.17)
74 =my - amo, 75 =my - 62’"’1,0 (218)
76 = MNg - 6?’1,0, 77 = MNyg - 62’",0 (219)
78 = (m() . no)mo . 67’1,0, 79 = (mo . n0)2 (220)

For this particular implementation we have chosen, based on Alastrué et al. (2006),
I;=1,=0.

2.5 Numerical results

In order to test the performance of the proposed technique, attention is focused mainly
on two aspects. First, the accuracy of the results. Second, the compliance with the re-
quirements of haptic feedback, i.e., all results must be obtained at a frequency between
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300 and 1000 Hz. Aspects related to image rendering, contact detection, tissue cutting,
etc, have not been addressed here. In chapter 4 a methodology to deal with tissue cut-
ting will be discussed.

A set of tests have been accomplished, all based on the model of the human cornea
presented before. Inertia effects are neglected in this problem, due to the typical slow
velocity in the application of the loads in this kind of organs. Thus, we face a parametric
problem like the one described in section 2.3.

The cornea was discretized with linear hexahedron finite elements. The mesh con-
sisted of 8514 nodes and 7182 elements. A view of the geometry of the model is shown
in Fig. 2.2.

The orientation of the two families of fibers, distributed along the thickness of the
cornea, is shown in Fig. 2.3.

2.5.1 Palpation of the cornea

The first test for the proposed technique consists of simulating the palpation of the
cornea with a surgical instrument. In order to validate the results, a load was applied to
the complete FE model in the central region of the model. The obtained result was com-
pared to the one obtained by employing the model reduction techniques presented
before, for the load applied at the same location.

Once the complete model is solved, the most important eigenmodes are extracted
from the computed displacement field, together with the initial tangent stiffness ma-
trix. The number of eigenmodes employed in this case was only six, which is, in our
experience, the minimum number of modes that should be employed in such a sim-
ulation. Other tangent stiffness matrices different to the initial one can also be used,
perhaps with more accurate results. The modes are depicted in Fig. 2.4. The associated
eigenvalues are, from the biggest to the smallest one, 9.02 - 104, 690, 27, 2.63, 0.221
and 0.0028. As can be noticed, the relative importance of these modes in the overall
solution, measured by the associated eigenvalue, decreases very rapidly. Note that the
reduced model employed only six degrees of freedom, while the complete model em-
ployed 8514 nodes with three degrees of freedom each, thus making 25542 degrees
of freedom. The computational savings are obvious: instead of inverting a matrix of
25542 x 25542, we invert a matrix of only 6 x 6. Of course, if more accurate solutions
are needed, a higher number of modes can be employed.

The displacement field obtained for the complete model is compared to that of the
reduced model. Different positions of the load were chosen and the results compared.
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(a)

Figure 2.2. Geometry of the finite element model for the human cornea.

ComputationalMechanics



50 Siamak Niroomandi

Figure 2.3. Fiber distribution in the finite element model of the cornea. Two families
of collagen fibers, roughly perpendicular to each other, are considered.

The application of loads at different locations produced levels of error of similar values
as the examples here reported. For a first location of the load, the obtained vertical

displacement is shown in Fig. 2.5.

In Fig. 2.6 load-displacement curve has been depicted. In Fig. 2.7, however, the
load was applied at a point located slightly towards the outer boundary of the model.
In this case, as can be seen from Fig. 2.7, the displacement obtained at the point of
application of the load is nearly exact, although the shape of the deformed cornea is
somewhat different. This is not the case for Fig. 2.5, where errors of about 20% are no-
ticed. The L, error norm ranged from very low values (0.08) in the early steps of the
simulation, to higher values (around 0.34) for the last step. In our experience, this is
a typical upper bound of the obtained error, even if very large deformations are im-
posed to the simulated organ, as is the case. This error can be attributed to a severe
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buckling phenomenon that appears in the complete model. The reduced model is not
able, obviously, to capture exactly this behavior. We believe, however, that the present
technique can be ameliorated in order to account for buckling phenomena.

All the simulations presented here ran on a PC equipped with two processors (only
one was employed, no parallel computing was used) AMD Quad Opteron running at 2.2
GHz and with 16 Gb RAM, under Scientific Linux. The prototype code was implemented
under MATLAB, which is not obviously the best solution for such type of problems. It
was chosen as it was easy and fast toimplement these early versions of the method. Lim
and De (2007) reported very recently similar levels of error (even more, up to 30%), but
for linear elastic materials undergoing large displacements (thus, only geometrically
non-linear problems). They employed a meshless method called the method of Finite
Spheres.

The simulations ran at 472-483Hz, which is among the limits imposed by haptic feed-
back realism, as mentioned before. Of course, the use of more sophisticated codes, for
instance using parallel programming, could give even faster results.

2.5.2 Force prediction

The architecture of a real-time simulator requires, however, the prediction of the re-
sponse force to a given displacement imposed to the model by means of the haptic
device. To analyze the behavior of the proposed technique under these requirements,
we studied precisely a prescribed displacement problem for the case analyzed in the
previous section.

A vertical displacement was imposed to node 4144, located almost in the center of
the cornea, with linearly increasing value. The response force exerted by the cornea on
the tool tip was simulated with the aid of the complete model as well as the reduced
one. While the complete model took around 3 hours to solve the problem, due to the
large displacement imposed at the last steps of the simulation, the reduced model still
runs at between 400-500 Hz. The results are summarized in Table 2.2.

As can be noticed, the predicted response is very accurate at the middle of the sim-
ulation, and gives some error both at the very beginning of the simulation and for very
large strains.
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u | Frou(N) | Frem(N) | Error(%)
0.1 0.0045 0.0055 18
0.2 0.0091 0.0108 16
0.3 0.0136 0.0158 14
0.45 0.0204 0.0227 10

0.675 | 0.0307 0.0321 4
0.9 0.041 0.0405 1
1.125 | 0.0511 0.0482 6
1.35 0.0614 0.0555 10
1.575 0.0716 0.0628 14
1.8 0.0818 0.0702 16
2.025 0.092 0.0779 18
2.135 0.097 0.0818 19

Table 2.2. Error in the predicted force response on the tool. Reduced Order Modeling
(ROM) vs. Finite Element Modeling (FEM).

2.5.3 Forcelocated at an arbitrary point

As mentioned before, the strategy here presented includes the off-line calculation of
the response of the organ to prescribed loads. Thus, a sampling strategy must be
adopted to construct a basis capable of representing the overall response of the or-
gan to virtually any load (although it is expected that a good surgeon will not make
unexpected movements away from "good practice" rules in the surgery). It is therefore
of utmost importance to know the quality of the response of the system to a force lo-
cated in a position whose response has not been calculated. To this end, we employ
the PODI approach mentioned before (Ly and Tran, 2005), by placing loads in between
the loaded nodes in the complete model, in order to seek for the worst case scenario
for the method.

To study this behavior, a simple test was implemented. The response of the cornea to
two different loads located at different locations was computed by means of complete
FE model. Then, a new load at a different position was applied, in between the two and
computed the response of the system by means of PODI techniques. We assume that
the three loads increase their value from zero linearly with time. The complete model
for this third load was also solved in order to test the accuracy of the method. As before,
this complete model is assumed as "exact" in the absence of any further knowledge on
the behavior of this cornea.
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The obtained results for a very large strain are shown in Fig. 2.8. The results for the
PODI model are, as can be noticed, in good agreement with the results of the complete
model, see Fig. 2.8(b).

The error in the prediction of the vertical displacement under the load is 27.18% at
the end of the simulation (maximum of the strain). We have also computed the error
in || - ||2 norm, defined as:

(2.21)

where e; represents the nodal error and n the number of nodes in the model. This
error took a value of 29.5%, still within the limits for the best techniques available today
for linear elastic materials (Lim and De, 2007). Of course, larger values of error can be
obtained if larger strains are imposed, but they remain bounded if "expected" values
are given to the loads. For situations that will not likely occur, out of surgeons' good
practice, the error can of course be very large. In any case, the reduced basis of the
model could be completed with more basis modes corresponding to non-expectable
behavior of the surgeons.

2.6 Discussion

In this chapter a novel strategy is presented for real-time interactive simulation of non-
linear anisotropic tissues. The presented technique is based on model reduction tech-
niques and, unlike previous works (Barbic and James, 2005), it allows for the consider-
ation of both geometrical and material non-linearities.

The reduced models are constructed by employing a set of "high quality" global ba-
sis functions (as opposed to general-purpose, locally supported FE shape functions) in
a Galerkin framework. These functions are constructed after some direct simulations of
the organs performed by standard FE or BE techniques, for instance. These simulations
are made off-line and the computed displacements and tangent stiffness matrices are
stored in memory prior to beginning with the real-time simulation.

Results obtained showed good accordance with complete model results, and ran
at frequencies of around 400-500 Hz, enough for real-time requirements, even for this
very rude code prototypes. In sum, the technique presented constitutes in our modest
opinion an alternative to standard FE simulation techniques for real-time applications
involving non-linear and anisotropic materials. In the following we discuss some imi-

tations of the applied method.
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2.6.1 Limitations of standard model reduction techniques

Classical model reduction techniques, when applied to the simulation of non-linear
solids and structures imply the need for frequent updating of the stiffness tangent ma-
trix K (or, equivalently, the reduced stiffness matrix AT K A, but the matrix A is as-
sumed constant throughout the simulation). Otherwise, the reduced model will ob-
viously be linear as shown seen in Fig. 2.6. This implies that once the residual of the
discrete, algebraic form of the problems is estimated unacceptable, the only way of
searching the equilibrium is by updating the stiffness matrix of the complete problem.
Modified Newton-Raphson methods could equally be employed, but in the context of
reduced models their convergence is often judged too slow. Even if this strategy can
be employed for reducing non-linear models the computing cost is considerable, and
of course this technique is unfeasible if one is looking for quasi-real-time simulations.

A different question arises in the so-called hyper-reduction methods Ryckelynck
(2008) in which only a few rows of the stiffness matrix are integrated, based on the
fact of the limited number of degrees of freedom that POD techniques select for a par-
ticular problem. The problem is precisely to select appropriately in which part of the
model the integration is performed.

This stiffness matrix updating is usually an expensive procedure in terms of compu-
tational cost (and noteworthy in the context of reduced models). But sometimes it is
simply unaffordable. This is the case in the framework of real-time or near real-time sim-
ulations, where a frequency of 500-1000Hz in the response of the simulation is needed,
forinstance, for haptic realism (30 Hz would be enough for video feedback, which is too
much a limitation indeed). In the following chapter a technique will be presented that
could take into account the non-linearity of the problem without resorting to tangent
stiffness matrix updating in the complete model.
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Figure 2.4. The eigenmodes of the problem employed as global basis for the reduced
model simulation.
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Figure 2.5. Vertical displacement field for a first position of the load. Complete model
(up) vs. reduced model (down).
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Figure 2.6. load-displacement curve at the vertex of the cornea.
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Figure 2.7. Vertical displacement field for a second position of the load. Complete
model (up) vs. reduced model (down).
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(a)

(b)

Figure 2.8. Vertical displacement (mm) for (a) the reduced model and (b) the complete

model of a load in a position not previously computed.
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Chapter 3

Real-time simulation of
non-linear hyperelastic
materials through Model
Order Reduction

3.1 Introduction

In the preceding chapter model order reduction techniques, and particularly proper or-
thogonal decomposition methods, have been applied to the simulation of highly non-
linear, state of the art, constitutive models for soft tissue. It has been demonstrated
that POD techniques constitute an appealing means for real-time simulation of such
models. However, some important limitations have been also pointed out.

Although the levels of error found in these applications can be considered high
(around 20 % for some applications), it is within the best techniques published so far in
the field, see for instance Lim and De (2007). The main limitation lies, therefore, in the
practical impediment for tangent stiffness matrix updating due to the severe restriction
posed by real-time requirements.

Tangent stiffness matrix updating constitutes an essential procedure in Newton-
Raphson method for the iterative solution of non-linear systems of equations. Modified
Newton methods, for instance, that do not need for such an updating procedure, are
unable, however, to follow buckling or post-buckling phenomena, essential in some
cases, such as the before presented simulation of palpation of the human cornea.
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Otherwise, the resulting simulation will be actually linear, even if it employs the best
(in statistical terms) basis functions available. In the work by Ryckelynck (2005), on the
contrary, Krylov subspaces are added to the reduced set of basis functions once the
simulation provides an unsatisfactory norm of the residual. But this implies to come
back to the last converged time step and to continue with the just enriched basis.

The approach followed in this chapter is somewhat different. In order to avoid a
frequent update of the stiffness matrix, an asymptotic expansion of some variables of
interestis made at the last converged time step. When this expansion is introduced into
the discrete weak form of the problem, a series of problems is encountered that share
the same stiffness matrix for all the terms of the expansion. Of course, the expansion
has a finite radius of convergence, but it is frequently enough to perform many of the
simulations considered here, as will be demonstrated.

This technique thus combines two main ingredients: the Proper Orthogonal Decom-
position of the existing data coming from complete models, and an asymptotic expan-
sion of variables of interest in the neighborhood of equilibrium points (Cochelin et al.,
1994a) (Abichou et al., 2002). This technique originated in the works of Yvonnet et al.
(2007) for buckling analysis of foam structures, considered linear elastic (geometrically
non-linear), although it is generalized here for more complex, hyperelastic, constitutive
equations including material non-linearities. This extension is not straightforward and,
up to the best of our knowledge, has not been developed so far.

The structure of the chapter is as follows. In section 2 the basics of the technique
proposed in Yvonnet et al. (2007) for linear elastic solids undergoing finite strains (Saint
Venant-Kirchhoff models) is reviewed. In section 3 this technique is extended to ac-
count for material as well as geometrical non-linearities. The proposed technique is
described in detail and, finally, in section 4 some examples of application for Saint
Venant-Kirchhoff and neo-Hookean models are included that show the performance
of the technique and compares the computational cost with a standard FE solution.

3.2 Asymptotic Numerical Methods

Non-linear structural problems are generally solved using iterative methods such as
Newton-Raphson or modified Newton schemes. Such algorithms have been success-
ful for solving the non-linear equilibrium equations of the model. However, the com-
puting time is usually large as compared to a linear solution because of the number of

UniversidadZaragoza



Real-time simulation of surgery by model reduction and X-FEM techniques 63

iterations usually needed and the computation of tangent stiffness matrices. A fam-
ily of asymptotic numerical methods (ANM) based on perturbation techniques and fi-
nite element methods have been proposed and intensively used by Potier-Ferry and
co-workers for computing perturbed bifurcations, and applied in computing the post-
buckling behavior of elastic plates and shells. Next they have extended the method
to many non-linear elastic solutions, plastic deformations, etc. For a complete review
the interested reader can refer to Cochelin et al. (1994a) or Abichou et al. (2002). In
contrast to predictor-corrector algorithms, the non-linear equilibrium paths are deter-
mined by means of asymptotic expansions: the unknown nodal vector U and the load
parameter A\ —that represents a pseudo-time, the overline is used to avoid confusion
with the Lamé coefficient—are represented by power series expansions with respect
to a control parameter a. By introducing the expansions into the equilibrium equation,
the non-linear problem is transformed into a sequence of linear problems in a recurrent
manner and are solved by the finite element method, for instance. It is noteworthy that
as all the linear problems have the same tangent stiffness matrix the method requires
only one matrix inversion. Moreover one gets a continuous analytic representation of
the load-displacement (response) curve which differs from the point by point represen-
tation of standard algorithms.

It is precisely this feature (the existence of only one tangent operator per equilib-
rium point) that makes the ANM an appealing choice to combine with model reduction
techniques in order to get a very efficient technique.

3.2.1 Problem formulation for Saint Venant-Kirchhoff model

Here we review the development madein Yvonnet et al. (2007) for the buckling analysis
of foam structures. We will also consider it in our numerical examples, where they will
be compared with non-linear constitutive models. We use a Lagrangian description
of the movement whose material coordinates are given by the vector X. The solid
occupies avolume 2y whose boundary is denoted by I'. Essential and natural boundary
conditions are applied to the non-overlapping portions of the boundary denoted by I,
and I';. The deformed configuration of each point is given by the vector x, such that

=X + u, (3.1)

where the displacement field is denoted by u.

Following Cochelin et al. (1994b), we consider a linear and a non-linear term for the
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Green-Lagrange strain tensor, E, in the form

1
E = E(FTF —1) = y(uw) + Yu(u,uw) (3.2)

where F' = Vu+1 is the deformation gradient tensor and using the notation in Coche-
lin et al. (1994b),

(o) = 5(V (") + V(). 333

1
) = 5V @)V () 3:30)

The equilibrium equation stated in the reference configuration looks like
VP + B =0 in{)y (3.4)

in which B is the body force and P is the first Piola-Kirchhoff stress tensor. The bound-
ary conditions of the body are defined by

u(X)=a onTl,,
PN =)t onT, (3.5)
where N is the unit vector normal to I, £ is an applied traction and \ is a loading pa-

rameter, equivalent to a pseudo-time, and ranging from 0 to 1. The weak form of the
problem is then given by

/ S:SEdQ = X/ t-Sudl You € H'(Q) (3.6)
Qo Ty
where in the above equation J E is expressed by
1
OE = 5 [F'V(6u) + V(6u)" F| = v(0u) + Y, (u, 6u), (3.7)

where, in turn, v, (u, du) is defined by
Yoig (W, 0w) = Y (w, ) + (0w, w). (3.8)

The technique is best viewed by considering the Saint Venant-Kirchhoff's model, as
done in Cochelin et al. (1994b) and Yvonnet et al. (2007), since only geometric non-
linearities are present. Later on, in section 3.3, we will generalize the method for other
hyperelastic models. The Saint Venant-Kirchhoff model is characterized by the energy
function given by

U = %(tr(E))Q +uE: E (3.9
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where X\ and . are Lamé's coefficients. The second Piola-Kirchhoff stress tensor can be

obtained by

oV (E)
oF

in which Cis the fourth-order constitutive (elastic) tensor.

S = —C: E (3.10)

The Saint Venant-Kirchhoff's model possesses well-known limitations, particularly
some instabilities when subjected to pure compression. Nevertheless, it remains to be
interesting for some applications. It is noteworthy that in real-time simulation environ-
ments (see Barbic and James (2005) and references therein, for instance) itisamong the
state-of-the-art models that can be computed under the severe limitations that real-
time frameworks impose (30Hz for video feedback and 500Hz for haptic feedback).

3.2.2 Asymptotic numerical method for geometrically non-linear

problems

In the ANM (Cochelin et al., 1994a), (Abichou et al., 2002) the displacement of each

n

material point is expanded asymptotically in terms of a control parameter "a". This ex-

pansion is developed in the neighborhood of a known equilibrium point (u"; S™; Xn)
at step n and the series is truncated at order N. To simplify the resulting expressions,
also the second Piola-Kirchhoff stress tensor and the load parameter ) are expanded in

series prior to their introduction in the weak form of the problem:

w™(a)

N
3
—~

Q
~—

N up
S a) p=1 S"a) p+ > a’ S, ¢, (3.11)
X a) X' ) = L
n+1

where (u,, S,, \,) are unknown and (u"*'(a), "' (a), A

tion along a portion of the loading curve. It is noteworthy that the behavior of the solid

(a)) represents the solu-

is described continuously with respect to "a". The introduction of Eq. (3.11) into Eq. (3.6)
and Eq. (3.10) leads to a series of linear problems with the same tangent operator, thus
avoiding the burden associated with stiffness matrix updating in the Newton-Raphson
scheme.

A general procedure for constructing quadratic forms of equations consists in de-
veloping auxiliary variables into finite series, as will be detailed in section 3.3 for neo-
Hookean materials. The series expansion of § E(u) gives

SE™ ! (a) = y(6u) + yuis(Su, u™) + > aPyug(du, ). (3.12)

p=1
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The series expansions of S gives in turn

S"ta) =C: E"(a) =

n p—1
C: [’Ynl(un)’u’ )+7l +Zap <7l up) +’7nls(u up +Z’ynl 'U,Z,'U,p z))] )

p=1 i=1

(3.13)
and at order p we obtain
p—1
S, =C: {”Yl(up) + s (", up) + Zan(uia upi)} (3.14)
=1

Introducing the asymptotic expansion into Eq. (3.10) results in

/Q { (S” ZapS ) (w o) + Y (u", du) + Zap%ls(up, 5u) } Q) =

p=1

N
(A +Zw> cat(0w), (3.15)

with @ .(du) = [, t - dudl. Introducing Eq. (3.14) into Eq. (3.15) and identifying
terms with the same power of a results in a successive series of linear problems which
atorderp, (p =1,..., N) takes the form

L(0u,u™) = X, Wy (6u) + F' (Ju) (3.16)
with
£lbu ™) = [ (8™ s, 6u)
+ [1(0w) + s (wp, 6u)] - € [yi(wy) + Yo (u”, up) ] }d2 - (3.17)

and where F;‘l(du) is equal to zero at order one and at order p it can be calculated as

Fnl (Su /{ZS ’ans Up— Z,é’U;)

—1

+ > [(wi, wp—y)] - € [(0w) + g (w”, 6u)]}dQ (3.18)

1

=

<.
I

Discretization of Eq. (3.16) by using finite elements leads to a sequence of linear
problems in the form (Cochelin et al., 1994b)

Ku, =\
Order1{ = " - (3.19)
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Ko, =\f + f;‘l(ui) i<p

_ (3.20)
’U,Z;'U,l + /\pAl =0

Order p {

where K ; denotes the tangent stiffness matrix associated with Eq. (3.17), common to
the problems at different orders p. Itis the same as the one applied in a classical iterative
algorithm like Newton-Raphson (in the firstiteration). In the above, u,, is the discretized
form of the displacement field at order p, f is the loading vector and f;” represents the
discretized form associated with Fgl(éu) in Eq. (3.18), which at order p only depends
on the values of u;, 7 < p. The solution of these problems can be obtained as follows

uw={K,}'f
N = —L

at order 1 1 W (3.21)
u, = )\1’&

ugl — {Kt}—lle

atorderp{ A, = —Xl{ugl}Tul (3.22)
u, = %ul + u!

3.2.3 Combined POD-ANM method

As explained before the use of the reduced order basis within the standard strategy,
without updating the stiffness matrix, leads to very fast calculation of the system of
equations but at the cost of some error in the results. On the other hand by using ANM
we can obtain the solution of non-linear problems accurately in a neighborhood of
an equilibrium point, and without the necessity of iterative procedures. In the next
section this procedure is extended for solving non-linear constitutive models. Here we
assume that the POD basis has been calculated as explained in chapter 2. The terms of
the asymptotic expansions associated with the displacements are in turn expressed as
functions of POD basis as

M
w, =Y ¢ = A(, (3.23)
m=1

where ¢, are unknowns. So the new asymptotic expansion of u is expressed by

N
u"(a) = A (C” + Z apcp> (3.24)
p=1

where (¢", Xn) represents the previous converged solution. Introducing Eq. (3.24) into
Eqg. (3.16) results in

L(AL,, ASC) = N0W 1y (ASC) + F(ASC). (3.25)
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After finite element discretization, and making use of the fact that the POD basis is
orthonormal, we have the following sequence of linear systems of equations

ATK,AC, = AT
Atorder1{ ~ ' 1 =AhATs (3.26)
¢ +A =1
ATK,A¢, =)\ AT nl
Atorderp< ! _Cp_ pA TS (3.27)
Cp Cl + )\p)\l =0

The size of the above equations depend on the number of the POD basis functions, but
it is very low, as explained before (typically less than ten), so they can be computed in
a very short time.

The solution of these equations can be obtained as follows:

¢={ATK,A}'ATf
A = ——
Atorder1 { T Vi (3.28)

C1 = ch
u=A{ u = )\1C1

\

Gl = {ATK, A} AT P

Ap = jXI{CZZ}TC1

At order p X . (3.29)
p = 361 t¢,
u, = A(,

Note that, as mentioned before, in Egs. (3.28)-(3.29) there exists only one tangent stiff-
ness matrix per time step, shared by all the terms for any order p. The advantage, of
course, comes from the fact that the radius of convergence of the method, as will be
seen, and consequently the size of time steps, is considerably bigger than the time step
in traditional Newton procedures.

3.3 Non-linear model reduction of hyperelas-

tic materials

The extension of the technique explained before to other hyperelastic materials, in
which non-linearities other than geometrical ones are present, is not straightforward
and, up to our knowledge, it has not been done before. In this section we extend the
technique to neo-Hookean materials (Bonet and Wood, 2008). Extension to other hy-
perelastic materials would follow the same guidelines, the major difference with the
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Saint Venant-Kirchhoff model is the presence of material non-linearities, in addition to
the geometrical ones.

The compressible Neo-Hookean model is characterized by a strain energy function
given by
7

W= (tr(0) ~8)~ pin T+ %(In J)? (3.30)

where X\ and i are Lame's constants and C' = I + 2F is the right Cauchy-Green strain
tensor. The second Piola-Kirchhoff stress tensor can be obtained by

_ O0V(E)
- 0E

In this case, an expansion similar to that in Eq. (3.11) is done, but in this case the

S

=u(I-C Y+ AInJ)C. (3.31)

intricate expansion procedure becomes more clear if we identify, as in Cao and Potier-
Ferry (1999), the asymptotic expansion with a Taylor series of the variables of interest,
denoted by U (a), in the vicinity of a = 0. Truncating at order N:

N
Ua) =Uy+ > Uya® (3.32)
p=1
where U, = U (0) and
1 d’U

In this case we have selected the following variables to perform the expansion:

u(a)
S(a)
| J*CY(a)
U(a) = nv7(a) | (3.34)
7= (a)

Aa)

By performing the substitution of the before mentioned variables into the weak
form of the problem, see Eq. (3.6) we arrive at a problem entirely similar to that in Eqs.
(3.19) and (3.20), in which the tangent stiffness matrix takes the form

K, = / (B'DB + G"S,G)d9, (3.35)
Qo

where . .
D=\ (—CglMOT) +2(p — AIn Jp) (F(CglMOT) — éo> (3.36)

Ji G
Now it takes into account the material non-linearity and it has a somewhat similar ap-
pearance to the Lagrangian elastic tensor at the initial state. J; and C represent the
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Jacobian and right Cauchy-Green strain tensor of the initial solution. M is obtained
from the series expansion of the Jacobian, and contains minors of C,. Finally, Cy is
obtained from the series expansion of C~! and contains components of C|, arranged
in a particular way.

The geometrical non-linearities are included in the matrices B, G and S,. B rep-
resents the usual strain-displacement matrix, GG relates the nodal displacements u« and
the gradient of displacement vector, and, finally, S, represents a matrix that contains
the initial stresses (we have chosen the same notation as in Cochelin et al. (1994b)).

In the right hand side of Eq. (3.20), the non-linear load vector f;l is a vector con-
taining information of material and geometrical non-linearities of all order problems
ranging from order one to p — 1. It can be written as:

p

fnl _ / (BT(S;leat + Szlgeom) + GTS;)dQ (337)
Qo

As in the stiffness matrix, S;’ge"m and S’ represent the standard matrices found in
literature when ANM is used to solve geometrical non-linear problems with linear ma-
terials. S;lm“t takes into account the material behaviour:

RJ,\ RCC
S;lmat = ()\|n Jo — ,u) (CCO (RZP — J4p> —+ 7 LA RCpl)
0 0
cc RJ,
+A <—20 <RYp + —g) + Rsp) (3.38)
NE 2.3

In this equation, C'C|, represents the cofactor matrix of Cy and RCC), is a vector
containing values of C;; of all problems from order one to p — 1, obtained when the
cofactor matrix of C'is expanded using Taylor series:

cc, =C,C,+ RCC,, (3.39)
r (P=T __ v YPTT
2233 23~23
T p—r T p—r
11033 - 13013
p—1 r OPT r P
11v22 = Y12V12
RCC, = (3.40)
T CP—T _ (T CP—T
r=1 13~23 12~33
r (YP—T r (YP—T
13012 - 11023
T p—r T p—r
12023 - 13022

Here, R.J, is a summation of products of different components of C,, and is obtained
when the squared Jacobian is expanded by Taylor series:

(J?),=MtC, + RJ,. (3.41)
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RS, collects terms concerning the expansion of Y = In J and C "

p—1
RS, =Y "Y.C,,. (3.42)

r=1

RC;l collects terms concerning Z = J~2 and cofactor matrix of C expansions:

.
RC,'=> 7.CC,., (3.43)

Finally, it is necessary to expand Y = In.J and Z = J~2 by using Taylor series and
the chain rule generalized to higher derivatives:

~1
2J2 —(J?), + RY,, and Z, = F(ﬁ)p + RZ,, (3.44)
0

Y, =
where
RY; =0,

RY = J4(J2> )

RY; = 6J6(J2) +24—J4(J2) (),
RZl - O
RZy = J6(J2)1,
—1
Ry = 35 — (73 +2ﬁ(ﬂ> 1),

Once the expansion of the ANM has been performed, the next step of the method
consists of the use in this framework of a reduced model, as explained in the previous
sections for a general case, regardless of the constitutive model chosen.

3.4 Numerical results

In order to show the performance of this method we have applied it to some problems

with hyperelastic materials.
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Figure 3.1. Geometry of the beam in traction.

3.4.1 Beamin traction

In this example we have applied four concentrated 100NV forces to the left face of a
beam in the axial direction. The nodes on the right face are constrained in the axial
direction. The length of the beam is 400mm and the cross section is a square with
sides of length 40mm. The beam is shown in Figure 3.1. The material properties of the
beam are £ = 1M Pa and v = 0.25.

Saint Venant-Kirchhoff material

In this example the dimension of the basis of the reduced model is six, which are the
number of modes necessary to capture the 99.9% of the energy of the system. They are
depicted in Fig. 3.2. The load-displacement curve has been obtained for a node on the
left face and is shown in Figure 3.3 forp = 1,...,6. The linear solution obtained with
p = 1 is the same as the one that can be obtained using standard POD only, without
updating the tangent stiffness matrix. In this case for higher p the load-displacement
curves are clearly non-linear and in this example they coincide with the analytical solu-
tion and the one calculated using full FE Newton-Raphson equilibrium iterations (the
curves are indistinguishable for p > 2).

Notice how large is the radius of convergence of the proposed technique for p > 2
(on the order of 60mm of tip displacement), for a beam with a total initial length of
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Ux
0.014
0.012

(e) (f)
Figure 3.2. Six most important eigenmodes for the simulation of the Saint Venant-

Kirchhoff beam under traction. The corresponding eigenvalues are: 38488.48 (a), 0.04
(b), 1.04F — 11 (c), 3.44F — 12(d), 1.34F — 12 (e) and 1.28 K — 12 (f).
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Figure 3.3. Beam in traction. Load-displacement results (in terms of \) for different or-
der of approximation, p, compared with the analytical solution. Saint Venant-Kirchhoff
behaviour.

400mm. If it is needed to follow the equilibrium path beyond this point, the method
can be restarted at any equilibrium point, by a new computation of the stiffness matrix
at that point.

Neo-Hookean material

For the neo-Hookean material the behavior of the proposed technique is very similar
to that of Saint Venant-Kirchhoff. The load-displacement curve is depicted in Fig. 3.4,
where an excellent agreement between the FEM results and the p = 4 reduced model
has been noticed.

In Fig. 3.5 the six most important modes of the complete solution, obtained by
Newton-Raphson methods, are depicted.

The excellent agreement of the results for very large beam tip displacements also
deserve some comments. Note that we have plotted the solution of the complete FE
model up to a tip displacement of around 120mm. Up to this very large level of strain
(the beam is 400 mm long) the reported solution by the reduced model with an order
p = 4 is remarkable, while it seems to reproduce the "expected" solution far beyond
that point.

UniversidadZaragoza



Real-time simulation of surgery by model reduction and X-FEM techniques

1l i
—pfem
0.8 |——p=1 ]
—p=2
0.6 | P=3 ]
< —p=4 v
0.4- 1
0.2r i
00 20 40 60 80 100 120 140

u

Figure 3.4. Beam in traction. Load-displacement results (in terms of \) for different
order of approximation, p, compared with the analytical solution. Neo-hookean be-

haviour.
3.4.2 Pinched hemisphere

In this example a concentrated force of 30V is applied to the pole of a hemisphere
and directed towards its centre. The bottom of the hemisphere is fixed. Its radius is
25mm and its Young's modulus and poison's ratio are 2M Pa and 0.48 respectively. The
mesh is shown in Figure 3.6 and it is composed of 614 nodes and 448 linear hexahedral
elements. Saint Venant-Kirchhoff and neo-Hookean constitutive laws are assumed in
this example.

Saint Venant-Kirchhoff material

In this example the empirical basis has ten modes, depicted in Fig. 3.8. The load-
displacement curves for the node on the pole of the hemisphereforp = 1,...,6 have
been obtained and depicted in Figure 3.7.

Again it is worth noting that the solution with p = 1 that is linear is the same as the
solution that one could obtain using standard model reduction without stiffness matrix
updating. For p < 5 it can be seen that the ANM-POD solution has a good agreement
with the solution computed using full Newton-Raphson equilibrium iteration up tou ~
—2.5mm, which can be considered as the radius of convergence (note that this is in the
order of 10% of the sphere radius). But for p = 6 the size of the radius of convergence
is remarkable, going beyond 4mm (more than 20% of the radius of the sphere). Again,
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(@) (b)
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Figure 3.5. Six most important eigenmodes for the simulation of the neo-Hookean
beam under traction. The corresponding eigenvalues are: 38488.48 (a), 0.04 (b),
1.04F — 11 (c), 3.44F — 12(d), 1.34F — 12 (e) and 1.28 £ — 12 (f).
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Figure 3.6. Hemisphere mesh.
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Figure 3.7. Load-displacement curves for the hemisphere problem.

ComputationalMechanics



Siamak Niroomandi

78

)

b

(

(a)

(d)

(0

(f)

(e)

Figure 3.8. Ten most important eigenmodes employed for the simulation of the
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) (h)

0} 4

Figure 3.8. Ten most important eigenmodes employed for the simulation of the
pinched hemisphere (Cont.). The corresponding eigenvalues are: (g), 4.12E — 12 (h),
6.52F — 14 (i) and 2.32F — 16 (j). Saint Venant-Kirchhoff behavior.
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Figure 3.9. Deformed hemisphere obtained using the combined technique POD-ANM.

if the load is to be extended beyond this point, a new tangent stiffness matrix should
be computed at this point, performing again the algorithm given by Egs. (3.28)-(3.29).

The deformed hemisphere for p = 6 and A = 1 is shown in Figure 3.9 and the dis-
placement field in z direction, u, obtained by Newton-Raphson procedures is shown
in Figure 3.10.

Neo-Hookean behaviour

As in the previous example, results were tested also for the neo-Hookean behaviour,
showing similar levels of accuracy as the Saint Venant-Kirchhoff examples. The modes
employed as global basis in the example are depicted in Fig. 3.11.

Results for the complete model, solved by means of full Newton-Raphson iterations,
and the reduced model, for different approximation order, are compared in Fig. 3.12.
The great similitude for both models is noteworthy. Again, the load-displacement (in
terms of the load factor, \) curve shows great similarity for p = 2,....4 and a large
convergence radius.

3.4.3 Pinching the human cornea

As mentioned before, real-time simulation in surgical environments is one of the fields

in which very fast simulations are needed. This field arises as a natural potential appli-
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Figure 3.10. Deformed hemisphere computed by full FE Newton-Raphson equilibrium
iteration.

cation of the technique here proposed, which can solve with moderate accuracy simpli-
fied models of non-linear solids without the need for tangent stiffness matrix updating
nor iterative procedures.

In this example forces of 0.014/N each have been applied to nine neighbor nodes
located at the center of the cornea, thus simulating the contact of a rounded tool. The
mesh data and boundary conditions are as explained in chapter 2.

Saint Venant-Kirchhoff model

The material properties of the cornea are assumed to be £ = 2M Pa and v = 0.48,
although a realistic model of corneal tissue could eventualy be used, as in chapter 2
and Niroomandi et al. (2008).

In this example nine modes were applied that provide decent approximation. The
solution has been obtained using ANM-POD forp = 1, ..., 6, plotted in Fig. 3.13. Note
how closely the first mode resembles the final solution. Higher modes contribute to
capturing the solution near the region where the load is applied.

In order to verify the results we have computed the solution by full FE Newton-
Raphson method. The loading factor (\) has been plotted versus the maximum (ab-
solute value) displacement in Figure 3.14.
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Figure 3.11. Six most important eigenmodes for the simulation of the neo-Hookean
pinched hemisphere. The corresponding eigenvalues are: 30.0 (a), 0.013 (b), 2.95E — 05
(€),9.42F — 08 (d), 3.12E — 10 (e) and 4.14F — 12 (f).
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Figure 3.12. Load-displacement curves for the hemisphere problem with neo-
Hookean behaviour.

As it can be noticed the results have good accuracy with Newton-Raphson solution.
The deformed cornea obtained using ANM-POD for A = 1 is shown in Figure 3.15 and
the one obtained using full FE Newton-Raphson is depicted in Figure 3.16.

Note that, despite the high Poisson's ratio employed, close to 0.5, the method shows
no tendency to lock in the examples studied (although it is well known that this does
not constitute a valid proof of robustness).

Neo-Hookean model

In this case, only six modes were enough to simulate the cornea, thus making a stiffness
matrix of size 6 x 6. These modes are depicted in Fig. 3.18. Again, results for the neo-
Hookean cornea follow the same guidelines of accuracy as those for the Saint Venant-
Kirchhoff model. With an expansion of only three or four terms (see Fig. 3.17) a great
accuracy is obtained along a big radius of convergence.

3.4.4 Palpation of the liver

In this example we consider the palpation of a liver with a surgical tool, assumed per-
fectly rigid. The liver is the biggest organ in the human body, after the skin. Liver ge-
ometry has been obtained from the SOFA project (Allard et al., 2007) and after post-
processing we have obtained a mesh composed of 2853 nodes and 10519 tetrahedral
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Figure 3.13. Six most important eigenmodes for the simulation of the cornea. The
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Figure 3.14. The loading factor vs. minimum displacement for the Pinched cornea.
Saint Venant-Kirchhoff model.

Figure 3.15. u,-contour of the pinched cornea obtained by ANM-POD.

elements, whose geometry is shown in Fig. 3.19. The anterior surface of the liver is con-
sidered free, while the posterior one was assumed to be supported over different or-
gans (it is connected to the diaphragm by the coronary ligament, for instance). The in-
ferior vena cava travels along the posterior surface, and the liver is frequently assumed
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Figure 3.16. wu,-contour of the pinched cornea obtained by a full FE model with
Newton-Raphson iterations.

clamped at that location. Although the assumed boundary conditions are not strictly
correct from a physiological point of view, our main interest is to show that the model
can be solved under real-time constraints with reasonable accuracy.

Although the literature on the mechanical properties of the liver is not very detailed,
we have assumed a Young's modulus of 160 kPa, and a Poisson coefficient of 0.48, thus
nearly incompressible (Delingette and Ayache, 2004).

A load of 1.2N has been applied at an arbitrary point on the surface of the liver
and the reduced model has been constructed, composed in this case by the 9 modes
depicted in Fig 3.20, that capture the 99.9% of the energy of the system.

In order to compare the results a standard Newton-Raphson algorithm was em-
ployed, without any modification such as arc-length methods or anything similar. The
load (in terms of load factor X)—displacement curve obtained by POD-ANM techniques
is depicted in Fig. 3.21. It is worth noting the high accuracy of the results for a wide
range of displacements (up to &~ 5mm under the tool tip) for expansions of order 5 and
6, less than 5%. This accuracy can also be noticed from Figs. 3.22 and 3.23, represent-

ing the displacements for FE complete mode and POD-ANM (sixth-order expansion)
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Figure 3.17. The loading factor vs. minimum displacement for the Pinched cornea.
Neo-hookean model.

techniques, respectively.

3.4.5 Influence of the interpolation of reduced basis

The other big ingredient of the resulting method, namely the non-linear force term
le of Egs. (3.28)-(3.29) also needs to be interpolated between pre-computed models,
since it is too computationally-demanding to be evaluated in real time. To this end, we
establish a piece-wise polynomial (FE-like) interpolation among complete models. This
simple procedure has rendered excellent results, as will be shown in the subsequent

section.

If we consider a case in which the load is placed at a position for which a reduced
model has not been stored, the interpolation procedure, as described in section 2.3, is
applied. As mentioned before, the tangent stiffness matrix at origin is identical for all
load states. The procedure follows by (linearly) interpolating the reduced basis set from
the four nearest neighbor pre-computed states and also by interpolating the non-linear
force term le for each order of the expansion.

The resulting load-displacement curve is depicted in Fig. 3.24. The excellent agree-
ment with the complete model results (denoted by pgey in the legend) is noticeable.
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Figure 3.18. Six most important eigenmodes for the simulation of the neo-Hookean
cornea. The corresponding eigenvalues are: 53.5 (a), 2.44F — 02 (b), 2.09E — 04 (c),
7.60F — 08 (d), 3.78E — 10 () and 7.19F — 13 (f).
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Figure 3.19. Geometry of the finite element model for the liver.
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Figure 3.20. Nine mostimportant eigenmodes for the simulation of the liver palpation.
The corresponding eigenvalues are: 2.69F — 03 (a), 8.28F — 05 (b), 8.82F — 07 (c),
1.07E — 08 (d),6.73E — 11 (e), 5.21FE — 13 (f), 2.52F — 15 (9g).
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Figure 3.20. Nine most important eigenmodes for the simulation of the liver palpation
(Cont.).
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Figure 3.21. Load-displacement, [mm], curve for the liver palpation for different orders
of approximation. The continuous blue line represents the solution for the complete

model employing Newton-Raphson method.

Figure 3.22. Result for the FEM model, displacement u,, [mm).
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Figure 3.23. Result for the reduced-ANM model, displacement w,, [mm].
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Figure 3.24. The loading factor vs minimum displacement, [mm)], for the Pinched

cornea. The resulting behavior is interpolated among four previously stored reduced
models.
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3.4.6 Timing

The examples below have been performed on a laptop running Matlab on a Windows-
operated computer at 2 GHz., with 2 Gb RAM. The code prototype is obviously thought
for the design and testing of new algorithms. Under these circumstances, the examples
ran at around 20 Hz, which is enough for visual perception, but not for haptic environ-
ments. This can be improved by considering more sophisticated programming and
not a high level language such as Matlab. The summary of the computational cost for
a typical simulation is as follows:

e Interpolation of the basis and the non-linear force term: 3.9 - 10~3s.

e Construction of the reduced stiffness matrix A” K, A (note that the complete tan-
gent stiffness matrix at the origin, K, is identical for all simulations and therefore
could be previously stored in memory): 4.7 - 10~ 2s.

e Solving the resulting system of equations (6 x 6 in this particular example): 3.1 -
10~ 4s.

The use of Graphics Processing Units (Taylor et al., 2008) is obviously another possi-
bility to achieve true real-time performance, that seems to be at hand.

3.5 Discussion

In this chapter we have studied a technique for the construction of reduced models of
hyperelastic solids. It is based on the use of model reduction techniques (based upon
Proper Orthogonal Decomposition or Karhunen-Loéve methods) and an asymptotic
expansion of the solution in the neighborhood of the last converged equilibrium point.
This technique has been generalized here for hyperelastic materials involving material

non-linearities.

These two ingredients render a method with very attractive features, such as the use
of very few degrees of freedom (up to ten in the examples showed in this chapter) and
the necessity to compute only one tangent stiffness matrix within the region covered
by the radius of convergence of the asymptotic expansion. This radius of convergence
is often relatively large (on the order of 10% of the total dimensions of the solid for
the examples showed herein). Within this radius of convergence neither iterative pro-
cedures (typical of modified Newton methods) nor the update of the stiffness matrix
(typical in standard Newton-Raphson methods) are required.
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The examples developed in this work showed that between six to ten eigenmodes
are enough for the vast majority of the examples considered, and usually an expansion
of order 4-6 renders very acceptable results, with excellent accuracy within a vast radius
of convergence.

Then we have focused on various ways of interpolating the reduced basis and also
non-linear forces in order to obtain near real-time rates.

Other approaches based upon reduced models exist, see Barbic and James (2005),
for instance. The main difference between the approach followed in this work and
that of Barbic and James is that in the latter case a general-purpose reduced basis is
employed. These basis functions are obtained from mass-scaled principal component
analysis. These basis functions are thought to be optimal for any load state of the solid.
In the present approach different sets of basis functions are obtained for different load
(and possibly boundary conditions) states that can be changed according with the user
experience. Basis sets for any state different from the precomputed ones are obtained
after interpolation, as explained in the previous sections. In section 2.3 it has been ex-
plained how the set of reduced models for different loading states of the organ forms
a manifold. Therefore, it is crucial for the method to work well that the set of complete
models to be solved to feed the algorithm is chosen adequately. For the moment, the
brute-force approach seems to be out of reach. In our opinion, this process should be
guided by surgeons, by indicating the most probable loading states for each surgical
procedure, distinguishing, for instance, between experienced surgeons and medicine
students.

The method has been developed for Saint Venant-Kirchhoff constitutive law. This
kind of law is among the best state-of-the-art existing models (Barbic and James, 2005),
but is judged to be poor for some applications. It is well-known that it suffers from in-
stabilities when subjected to compression (although no instabilities have been found
in the examples tested by the authors), so it would be interesting to extend the pro-
posed technique to some more sophisticated constitutive laws, such as neo-Hookean
law, for instance, or other much better suited for specific applications (Alastrué et al.,
2006).

Despite the facts commented above, the proposed technique seems to be an ap-
pealing method for the simulation of linear elastic materials undergoing large strains

at real time.
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Chapter 4

Simulation of surgical cutting
with coupled POD and X-FEM
techniques

4.1 Introduction

In the previous chapters we mentioned the challenges of real-time simulation of soft
tissues. One of the sources of complexity is due to the highly non-linear behavior of
soft living tissues that were investigated in chapters 2 and 3 as well as the highly de-
manding feedback rates imposed by the simulators (25 Hz for visual feedback and some
500 Hz if haptic feedback is to be added to the system). The third source of complexity
comes from the multi-physics nature of the phenomena occurring in the actual surgery
procedure: non-linear elasticity, contact, cutting, temperature, etc. While the thermal
dependence of the problem is often —if not always—neglected, contact detection and
cutting simulation are of utmost importance for a convincing result in terms of both vi-
sual and haptic perception.

Numerical simulation of contact mechanics is a well-known field in the computa-
tional mechanics community (see, for instance the recent book by Wriggers (2002) to
acquire an overall impression of the difficulty of the topic). An accurate simulation of
the process of contact between surgical tools and organs, and between organs them-
selves, seems to be at this moment out of reach under real-time requirements. Some
simplified algorithms, however, provide acceptable results at high feedback rates, see
for instance Barbic and James (2007). This algorithm supports distributed contact de-
tection between both rigid and reduced deformable models at 1KHz. The surgical tool

97



98 Siamak Niroomandi

can be modeled as a rigid body and the soft tissue is simulated as reduced deformable
model. They exploit low-dimensional deformable models using mass-Principal Compo-
nent Analysis for gaining such high rates. And this shows that model order reduction
can be a valuable tool in these kind of simulations.

As mentioned before, cutting simulation is another important source of difficulties
for real-time modeling of surgery. This is so as it is necessary to modify the geome-
try and/or the topology of the domain and its associated mesh, and this needs to be
done without penalizing the computation times of the integration of the equations
of motion. A vast corps of literature has been devoted to this end. See, for instance,
Courtecuisse et al. (2010); Lee et al. (2010); Meier et al. (2005); Zhang et al. (2009). All
these approaches share the same spirit. All of these works propose more or less sophis-
ticated algorithms that allow to remove finite elements from an existing mesh to create
a cut or even to remove a whole part of the organ, if it is being ablated.

The X-FEM is an appealing method as it can model discontinuities within an FEM
mesh without any kind of remeshing. It can be applied to complex material behaviors.
This method grew out of research into meshfree methods and it has been applied by
researchers in computational and applied mechanics communities. The basic philoso-
phy of the X-FEM is that features of interest in a problem, for example crack surfaces,
phase boundaries, and fluid-structure interfaces, can be represented independently
of the finite element mesh. As a result, simulating the evolution of these features is
greatly facilitated. This is particularly true when they exhibit changes in topology of
the mesh. The finite element mesh needs not to explicitly "fit" these features with the
X-FEM, circumventing the need to remesh in many cases and facilitating adaptivity in
others. The basic ideas behind the method are easy to understand. Most finite element
approximations to the field of interest (for instance displacement or temperature) can
be expressed as a linear combination of nodal shape functions. These shape functions
are only able to represent discontinuities in these fields if the mesh is constructed in
a particular way. For example, the classical approach to representing the jump in dis-
placement field across a crack front is to explicitly mesh both crack faces. With the
X-FEM, the classical mesh need only overlap the geometry of the crack front and does
not need to be carefully aligned with it. The linear combination is then augmented
with enrichment functions that capture the jump in displacement field across the crack.
Crack growth canin turn be simulated through the identification of additional enriched
nodes and a new construction for the enrichment function, a process that is typically
much simpler than remeshing. Although the X-FEM was originally designed for linear
elastic fracture mechanics, it has since been adapted to a wide range of applications.
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These include the representation of complex microstructures, multi-phase flow, virtual
surgery, and general fluid-structure interaction problems.

The application of X-FEM to cracks began with Belytschko and Black (1999), where
they applied the partition of unity methods (see for instance Melenk and Babuska (1996))
to the problem of using finite elements with discontinuous basis functions. Moés et al.
(1999) used X-FEM to create a technique for simulating crack propagation in two di-
mensions without remeshing the domain. The extension to three dimensions was be-
gun by Sukumar et al. (2000a), where they used the two dimensional enrichment func-
tions for planar cracks, and then extended in Areias and Belytschko (2005).

However, the X-FEM approach carries technical challenges: assembling the stiffness
matrix requires integration of singular/discontinuous functions and implementing en-
richment requires resolving material connectivity. Integrating the gradients of the X-
FEM basis functions is difficult because of the singularities and discontinuities. One
approach is (see, for instance, Stazi et al. (2003)) is to perform a Delaunay triangulation
on the cut triangle that incorporates the crack edges, and then to use Gauss quadra-
ture on each of the resulting triangles. This triangulation does not provide additional
degrees of freedom; it is only used for integration of the basis functions. However, this
approach can be difficult to implement when the geometry of the crack is complicated
by branching or multiple cracks, and is generally impossible in three dimensions with-
out introducing new vertices. Another approach is to use higher order Gauss quadra-
ture (see Strouboulis et al. (2000)).

The use of higher order Gauss quadratures for computing the integrals, without pay-
ing attention to the position of the discontinuity has been analyzed, but it has been
found that the Gibbs effect (oscillation of higher-order polynomials) greatly affects the
accuracy of the results, thus being impractical.

If we resort ourselves to the field of surgical simulation, Jerabkova (2007) and Ono
et al. (2009) seem to have been the first to use X-FEM for interactive cutting of de-
formable objects.

Although we should somehow use model order reduction techniques to obtain near-
ly real-time rates the use of global, Ritz, shape functions imposes additional limitations.
For instance, the use of X-FEM techniques is not straightforward in this context. In this
work a new method is presented that combines the features of existing methods based
upon model order reduction and the ease of creating cuts and discontinuities without
remeshing of the X-FEM technique. As will be noticed, the proposed technique has
its origins in the s-FEM techniques by Fish (1992) and the multiscale FEM by Rank and
Krause (1997).
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The chapter is organized as follows. In section 4.2 we briefly review the X-FEM in
the framework of standard finite elements, prior to its introduction in conjunction with
reduced basis. In section 4.3 a new technique is developed that can efficiently cre-
ate cuts and discontinuities in the reduced model without remeshing and with minor
modifications to the problem's stiffness matrix. Finally, in Section 4.6 an analysis of its
performance is done in an application to refractive surgery of the cornea.

4.2 A brief review of the eXtended Finite Ele-
ment Method (X-FEM)

In order to make this work self-contained a brief review of the well-known X-FEM is
included here. The interested reader is referred to Sukumar et al. (2000b), for instance,
among other classical references in the field.

The basic ingredient of X-FEM methods is to consider a cut or crack I'; as a discon-
tinuity in the displacement field. Therefore, by simply enriching those nodes whose
shape function's support intersects the crack with a discontinuous function will suffice
to obtain a conforming discretization without the need of remeshing. Thus, the new
approximation of the displacement will be, in the context of X-FEM, for a single crack
or cut,

u'(x) =Y wNi(w)+ > bN;(x)H(x), (4.1)

iel jeJ

where J = {j € I : w; N D # (0}, I represents the set of all nodes in the FE mesh,
N;(x) represents the i-th node shape function evaluated at x, u; represents node i's
displacement vector, and H (x) is discontinuous across the crack I';, whose geometry is
represented by D. Finally, b; represents a new set of enriched degrees of freedom that
control the magnitude of the displacement discontinuity in across the crack. Fig. 4.1
depicts the shape functions of X-FEM in one dimension. In Fig. 4.2 they are represented
for two-dimensional cases and bilinear quadrilateral elements.

Classical works of X-FEM in the context of fracture mechanics such as Sukumar et al.
(2000b), stilladd some more degrees of freedom in order to reproduce the LEFM asymp-
totic solution at the crack front. These are not considered here for several reasons.
Firstly, for living soft tissues the form of the asymptotic solution (if any) at the crack
front is in general not known. In any case, the gain in accuracy would be, in general,
negligible, if compared with all the simplifying assumptions made up to now in order
to reach real-time performance.
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Figure 4.1. Shape functions of X-FEM. Conceptual development.

Figure 4.2. Shape functions of X-FEM in two dimensions. Top left, standard FE shape
function associated to a given node. Top right, the Heaviside function. Bottom, the
resulting discontinuous shape function.

4.3 Coupling reduced models and X-FEM de-

scriptions of surgical cuts

The approach here suggested is composed by the coupling between the (Ritz) reduced
basis and a superimposed patch of finite elements where the force exerted by the scalpel
exceeds some limit value, thus appearing a cut in the organ. This approach can be seen
as a generalization of some existing techniques in the field of finite elements, notably
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the so-called s-version of the FEM by Fish (1992) and the multiscale FEM by Rank and
Krause (1997), among others (Ammar et al., 2009). The basic of the method is easily
understood from Fig. 4.3.

Figure 4.3. Basics of the method for reduced basis-X-FEM coupling.

The domain 2 is discretized by finite elements and a reduced-order model is con-
structed on top of it that employs Ritz basis functions, as explained before. Once the
force exerted by the scalpel reaches a prescribed threshold (see the sections that fol-
low) a cut is supposed to appear at the contact location. Around that region, a su-
perimposed patch ;, of finite elements is placed around the scalpel tip. In 2 the
displacement field is approximated as

u=u’+u"onQy (4.2)
where, to guarantee the compatibility of the displacement field, we enforce
’U,L =0on FOL- (43)

The reduced order model approximates the displacement everywhere, in the spirit of
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Eq. (2.10), |
u’(z) = Z_: Goi(), (4.4)
=1
whereas in €1, a traditional fem mesh, including discontinuous enrichment, is added:
u'(w) = Y diNj(@) + Y bpNy(a)H (). (4.5)
JEQL keJ

The discrete equilibrium equations can be obtained after the weak form of the prob-
lem, namely, findu € U = {u : u € C°,u = won I',} such that

/s*:a’dQ:/ u*tdF+/u*bdQ,
Q I Q

Vu* e Uy = {u* :u* €C’u=00nT,}, (4.6)

where, as usual, I, represents the Dirichlet (essential) part of the boundary of the do-
main, u represents the value of the prescribed displacement at that location, t the pre-
scribed vector of traction at the boundary, and, finally, I'; the Neumann (natural) part
of the boundary I'. Admissible variations of the displacement are calculated as

u" = (uo)* + ('u,L)*. (4.7)

By substituting the displacement field approximations (4.4) and (4.5) into the weak
form (4.6), and after invoking the arbitrariness of admissible displacements u*, we ar-
rive at a discrete system of equations of the type

K¢ K¢ K¢ ¢ fC
KdC Kdd de d — fd , (48)
KbC Kbd Kbb b fb

where the stiffness matrices K°° are given by
K¢ = / (BT DB’dQ (4.9)
Q;

where matrix BY, o = (, d, b, represent the standard shape function derivative matrix
for any of the three types of approximation functions here considered, namely, the Ritz
functions ¢(x), the standard finite element shape functions N () or the discontinu-
ous enrichment shape functions, N(x) H (x). €2; represents the domain of integration,
either Q or €0, respectively. Finally, D represents the consistently linearized constitu-
tive tensor. As mentioned before, due to the severe restrictions placed by real-time re-
quirements in haptic environments, it is not possible, in general, to update this tangent

ComputationalMechanics



104 Siamak Niroomandi

stiffness matrix. In this work, for the sake of simplicity in the exposition of the method,
an approach similar to that applied in chapter 2 is employed, in which no updating is
accounted for. This leads, of course, to higher errors in the results, still acceptable in vir-
tual surgery environments. If more accurate results are needed that formulation that
was presented in chapter 3 can be used. That method employs asymptotic expansions
of the displacement field and, without any updating, allows to closely follow complex
non-linear force-displacement paths.

In order to evaluate the previous integrals leading to the stiffness matrix of the prob-
lem, no special integration procedure is employed, in sharp contrast with the original
works by Fish (1992), since we assume that the superimposed mesh conforms with the
existing one. It is necessary, however, to perform some form of tailored numerical in-
tegration in those elements enriched by discontinuous displacements.

4.3.1 Simplified physics of the cutting procedure

The last ingredient in the method is related to the placement of the patch €2 during
the surgery. Once contact between the scalpel and the organ has been detected by a
suitable contact algorithm (see Barbic and James (2007) for instance, for a valid contact
criterion in reduced model settings), a criterion must be set in order to determine if
cutting appears, thus generating a new boundary in the domain, or not. We follow
closely the criteria set in Bielser and Gross (2000). Although greatly simplified, these
criteria have demonstrated to provide realistic enough results in haptic environments.
A scalpel cuts along its blade, so a decomposition of the acting force as in Fig. 4.4 is
employed:

Fow=F, +F=F, +F,+F, (4.10)

Athreshold value of the force F is considered such that lower modulus of the force
F| produce static friction, but no cut. Once || F'|||| exceeds Fr, the finite element patch
), is added to the scalpel tip.

In order to simplify the process and to make it simpler and (notably) faster, once the
threshold value F¢ is reached, a whole finite element is then cut. No cut of length
smaller the the typical element size & is considered. If the finite element mesh is dense
enough, this limitation does not very much affect the results. Remember that the size
of the global finite element mesh, IV, does not affect the size of the reduced model, r,
see Eq. (2.12).
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Figure 4.4. Force decomposition at the scalpel point of contact.
4.4 Speeding up the X-FEM

The standard X-FEM technique, as presented before, provides excellent results but s, in
general, somewhat heavy for real-time simulation. In this section severalimprovements

are taken into account in order to alleviate this limitations.

The first one is related to the support of enriched degrees of freedom. The so-called
shifted enrichment functions (Zi and Belytschko, 2003) allow to minimize the support of
enriched approximation functions and therefore the width of the superimposed finite
element mesh. These functions have the simple form

Yi(x) = 5 4.11)

where H; represents the value of H(x) at the i-th node. With this simple modification,
the shape functions look as shown in Fig. 4.5.

The second big problem of the use of X-FEM for real-time simulation is that of the
integration of the resulting weak form. The discontinuity forces to explicitly take into
account the two resulting elements from a cut element and to apply standard Gauss
integration on each volume. Location of the integration points in these resulting vol-
umes is often a very heavy task. For that purpose, in this thesis an alternative approach
has been employed. It is based on the use of linear tetrahedra (in spite of their well-
known numerical stiffness), for which exact, closed-form expressions exist for the stiff-
ness matrix. Thus, the resulting stiffness matrix of an element traversed by the cut will
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Figure 4.5. Shifted enrichment functions (right) versus standard enrichment functions

(left). Note that the resulting approximation is interpolant at the nodes of the elements
cut by the scalpel (figure taken from Jerabkova (2007)).
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where K" corresponds to the standard, unenriched element stiffness matrix, and K“¢,
K and K correspond to the enriched degrees of freedom. Since the linear tetra-
hedra have constant strain (and therefore constant derivatives matrix B), we arrive at

K" =K, (4.13)
K = (%qf] + %%) K, (4.14)
K7 = (%\P + %‘Pb) K;; (4.15)
K = (%qf\y] + %@M\pw> K (4.16)

where K"" is identical to that of the non-enriched tetrahedron, and ¥, ;) represent the
enrichment functions above (respectively, below) the cut plane. In the same spirit, V,
V. and V,, represent the volume of the tetrahedron, or the volume above or below the
cut, respectively.

The formulation presented before is apt for linear FEM. In the case of large displace-
ments or strains, more sophisticate approaches should be used. This would be impera-
tive in the case of resections, with large displacements of the resected part, for instance.
However, for the application pursued in this chapter, and for the sake of speed of sim-
ulation, it is maintained as presented before. As will be shown, the results are good in
spite of this formal contradiction.

4.5 Finite element model of the cornea

The same cornea mesh as in previous chapters has been used here. The cornea was
assumed to be, without loss of generality, hyperelastic, with a Kirchhoff-Saint Venant
behavior. More sophisticated material behaviors can also be efficiently tackled with
this technique, as in chapter 2, where a two-families of fibers reinforced hyperelasticity
model was successfully employed. We have applied nine concentrated forces on the
right and left half of the cornea with about 1.5 mm eccentricity from the center of the

cornea.

For punctual loads of increasing value the complete model gave the five modes that
capture 99% of the energy of the model. These modes are shown in Fig. 3.13.

With these five modes, standard reduced order models provide an error under 20%
for loads placed at different positions to the one considered in the evaluation of the
modes in Fig. 4.6. This level of error is considered valid in many real-time applications
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Figure 4.6. Five most important eigenmodes for the simulation of the cornea. The
corresponding eigenvalues are: 10.77 (a), 0.014 (b), 2.58 - 107* (c), 6.53 - 1077 (d), 4.43 -
10~ (e).
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as it was explained in chapter 2. If more accurate simulations are needed, the method
proposed in chapter 3 provides a nearly exact simulation for displacement under the
scalpel tip up to T mm (possibly much more than that, but at the scale of the cornea,
1 mm displacement involves very large strains and no reference finite elements results
could be obtained to compare with).

4.6 Application to the simulation of corneal
refractive surgery

It must be highlighted at this point that the purpose of this work is not to validate the
use of reduced-order models in the context of real-time applications. This has been
done in the previous chapters and also in the published papers, see for instance Ni-
roomandi et al. (2008), Niroomandi et al. (2010b), Niroomandi et al. (2010a) or Bar-
bic and James (2005), among others. Nor the validation of X-FEM technique to accu-
rately simulate moving discontinuities in solid mechanics problems, for instance (see,
among others, Sukumar et al. (2000b), Combescure et al. (2008), Meschke and Dum-
storff (2007), Daux et al. (2000) or Stolarska et al. (2001)). However, the combination
of both provides a unique set of features that makes the resulting technique an ap-
pealing choice. Among these features, the feasibility of real-time simulation of com-
plex non-linear tissues (including, for instance, fiber-reinforced hyperelastic tissue, see
Niroomandi et al. (2008)) combined with the possibility of simulating surgical cutting
without remeshing (at haptic feedback rates, it is obvious that for realistic rendering
the cut must be represented accurately, but only at some 30 Hz feedback rates not at
500 Hz). To this end the case of corneal refractive surgery is analyzed here under the
framework of the proposed method.

Astigmatism is a refractive error due to the non-spherical shape of the cornea, that
is, the refractive power is not uniform in all meridians. Refractive surgery techniques are
used to modify the curvature in order to repair the refractive error of the eye (Alastrué
etal.,, 2006). This defect may be corrected by making the cornea as spherical as possible,
through the application of some cuts.

In addition, properties of the cornea can be quite different between patients with
the same level of pathology, therefore the technique presented before can be seen as
an efficient means to plan a patient-specific surgery that minimizes uncertainty in the
results, providing the surgeon with the sensations and results he will obtain later in the
real surgery.
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Figure 4.7. Superimposed X-FEM mesh at the position of limbal relaxing incision.

The cornea was assumed to be, without loss of generality, hyperelastic, with a Saint
Venant-Kirchhoff behavior. More sophisticated material behaviors can also be efficiently
tackled with this technique, as in Niroomandi et al. (2008), where a two-families of fibers
reinforced hyperelasticity model was successfully employed.

4.6.1 Simulating limbal relaxing incisions

Limbal relaxing incisions (LRI) are one f the three main types of cuts made in corneal re-
fractive surgery. These incisions are made near the outer edge of the iris, and are used
to correct minor astigmatism (typically less than 2 diopters). In this case, a cut is made
roughly at this position. In Fig. 4.7 a detailed view of the deformed cornea, together
with the superimposed X-FEM mesh is presented. For post-processing purposes, those
elements cut by the scalpel are represented as two different finite elements in the fig-
ure, although no such elements exist in the simulation, as explained before.
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Figure 4.8. Displacement field (y-direction) in the cutting procedure.

The obtained displacement field is shown in Fig. 4.8. A detailed view of the z-
direction displacement field is shown in Fig. 4.9, where the appearance of the cut can
be noticed, in spite of the low magnitude of the displacement between crack lips.

In order to see the difference that a practitioner would see when dealing with the
simulator, in Fig. 4.10 a comparison is made between the solutions obtained by em-
ploying the complete model, explicitly meshing the cut by separate hexahedral finite
elements, and that obtained by the combined POD-X-FEM model. It is noticeable the
practically indistinguishable displacement field that is obtained.

4.6.2 Timings

The results presented in this chapter have been obtained with a MacBook Pro laptop,
running Matlab 2010a with an Intel Core 2 duo processor at 2.80 GHz and 4 Gb of DDR3
RAM memory. Despite the use of rude Matlab code prototypes, the examples of the
cornea ran at some 25 Hz, which is enough for visual real-time requirements.
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Figure 4.9. Cutting procedure. Displacement field (z-direction). Enrichment degrees
of freedom are magnified 10 times to highlight the magnitude of the cut.
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Figure 4.10. Cutting procedure. Comparison among the complete (red) and reduced
(blue) models.
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The use of more powerful computers, possibly running in parallel, since many of
the procedures here described can easily be programmed to run in that way, or the
use of GPUs seem to be a feasible alternative to improve these promising results, still
compatible with the state-of-the-art techniques in the field, see for instance Jerabkova
and Kuhlen (2009)

4.7 Conclusions

In this chapter a novel method for the real-time simulation of surgery in haptic environ-
ments has been presented. The method is based on the use of reduced order modeling.
Reduced models are, to the author's knowledge, the only technique able to simulate
at real-time feedback rates, highly complex constitutive models for living tissues (fibre-
reinforced hyperelastic models, for instance). The problem with such an approach lies
in the introduction of surgical cuts. The global character of the approximation func-
tions (Ritz) precludes the possibility of employing standard methods in the literature
that use very efficient algorithms for partitioning or eliminating the mesh in the neigh-
boring of the cut. The approach here developed is based on the use of X-FEM tech-
niques, coupled with the existing reduced model through a multi-scale-like method.
Thus, the superimposed finite element mesh is capable of reproducing the displace-
ment discontinuities produced by the scalpel, while the underlying reduced model is
able to accurately reproduce the global behavior of the organ.

The proposed method runs at feedback rate, thus allowing to take part in a surgery
simulator, together with some specialized contact detection algorithm. This opens the
possibility to incorporate complex, state-of-the-art soft tissue constitutive laws into
real-time simulation of surgery, thus leading the possibility of making a true second-
generation simulator at hand.
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Conclusion

In this thesis a novel strategy has been presented for real-time interactive simulation of
non-linear anisotropic tissues. The presented technique is based on model reduction
techniques and, unlike previous works, it allows for the consideration of both geomet-

rical and material non-linearities.

The reduced models are constructed by employing a set of "high quality" global
basis functions (as opposed to general-purpose, locally supported FE shape functions)
in a Galerkin framework. These functions are constructed after some direct simulations
of the organs to be analyzed. These simulations are made off-line and the computed
displacements and tangent stiffness matrices are stored in memory prior to beginning
the on-line, real-time simulation.

The obtained results show good accordance with complete model results, and run
at frequencies of around 400-500 Hz, enough for real-time requirements, even for this
very rude code prototypes.

A technique for the construction of reduced models of hyperelastic solids has also
been studied that is based on the use of model reduction techniques and an asymptotic
numerical method. The technique, initially developed for geometrically non-linear solids
was generalized here for hyperelastic materials involving material non-linearities. This
allows for a simulation of complex, non-linear tissues without the need for typical (Newton-
Raphson) tangent matrix updates, impossible to be done under real-time constraints.

These two ingredients render a method with very attractive features, such as the use
of very few degrees of freedom (up to ten in the examples showed in this chapter) and
the necessity to compute only one tangent stiffness matrix within the region covered
by the radius of convergence of the asymptotic expansion. This radius of convergence
is often relatively large (on the order of 10% of the total dimensions of the solid for
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the examples showed herein). Within this radius of convergence neither iterative pro-
cedures (typical of modified Newton methods) nor the update of the stiffness matrix
(typical in standard Newton-Raphson methods) are required.

The examples developed in this work showed that between six to ten eigenmodes
are enough for the vast majority of the examples considered, and usually an expansion
of order 4-6 renders very acceptable results, with excellent accuracy within a vast radius
of convergence.

Then the work was focused on various ways of interpolating the reduced basis and
also non-linear forces in order to obtain near real-time rates. Real-time feedback rates
were obtained for visual perception using Matlab and very rude code prototypes. In
the present approach different sets of basis functions are obtained for different load
(and possibly boundary conditions) states that can be changed according with the user
experience. Basis sets for any state different from the precomputed ones are obtained
after interpolation, as explained in the previous sections. Therefore, it is crucial for the
method to work well that the set of complete models to be solved to feed the algorithm
is chosen adequately. For the moment, the brute-force approach seems to be out of
reach. In our opinion, this process should be guided by surgeons, by indicating the
most probable loading states for each surgical procedure, distinguishing, for instance,
between experienced surgeons and medicine students.

The method has been developed for Saint Venant-Kirchhoff constitutive law. This
kind of law is among the best state-of-the-art existing models in real-time applications
but is judged to be poor for some applications. So it was found interesting to extend
the proposed technique to some more sophisticated constitutive laws, such as neo-
Hookean, for instance, or other much better suited for specific applications. The work
developed in this thesis demonstrated that the method can be further generalized to
other constitutive, hyperelastic models.

Finally, a novel method for the real-time simulation of surgery cutting in haptic envi-
ronments has been presented. The method is based on the use of reduced order mod-
eling. Reduced models are, to the author's knowledge, the only technique able to sim-
ulate at real-time feedback rates, highly complex constitutive models for living tissues.
The problem with such an approach lies in the introduction of surgical cuts. The global
character of the approximation functions (Ritz) precludes the possibility of employing
standard methods in the literature that use very efficient algorithms for partitioning
or eliminating the mesh in the neighboring of the cut. The approach here developed
is based on the use of X-FEM techniques, coupled with the existing reduced model
through a multi-scale-like method. Thus, the superimposed finite element mesh is ca-
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pable of reproducing the displacement discontinuities produced by the scalpel, while
the underlying reduced model is able to accurately reproduce the global behavior of
the organ.

The proposed method runs at feedback rate, thus allowing to take part in a surgery
simulator, together with some specialized contact detection algorithm. This opens the
possibility to incorporate complex, state-of-the-art soft tissue constitutive laws into
real-time simulation of surgery, thus leading the possibility of making a true second-
generation simulator at hand.

5.1 Thesis contributions

Among the main contributions of the work done in this thesis, the following ones can
be cited:

e Model Order Reduction with application to real-time simulation of soft tissues has
been presented in this thesis and it has been shown that it is a promising tool in
this field.

e A new extension of Proper Orthogonal Decomposition and Asymptotic Numeri-
cal Method for hyperelastic materials has been obtained. The importance of this
extension is that Saint Venant-Kirchhoff material is not appropriate, in general, for
predicting the behavior of soft tissues. This is so, since it presents some instabil-
ities when subjected to compressions that could eventually make it not suitable
for surgery simulation.

¢ A new methodology for including discontinuities in the displacement field pro-
duced by surgical cutting in combination with reduced models has been pro-
posed. The proposed method has been successfully used in interactive simulation
of cutting procedure.

5.2 Future works

This thesis opens the door to new promising research lines in the group. Among the
topics that have not been yet studied the following ones can be included in the real-
time simulation of soft tissues:
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e The POD-ANM technique could be extended to other constitutive laws that in-
clude fiber reinforcement of soft tissues. In principle there is no limitation for this
generalizations, although it has not been done yet.

e The models that have been presented are sufficient for acquiring basic surgical
skills but are not realistic enough to represent fully the complexity of the human
anatomy and physiology. Notably, respiratory motion, bleeding and contact be-
tween organs could drastically improve the perception of the trainee. The tech-
nique here developed does not impose any limitations for the inclusion of these
aspects, provided that very fast contact detection algorithms exist for reduced
models.

e In this thesis Matlab has been used for the simulations. It is well known that al-
though such a high level programming language is suitable for evaluation of the
methods but it is not efficient in terms of computation time. GPU-based program-
ming, for instance, could help in decreasing the simulation time and the results of
this in other fields have been very promising.

e Recently, the so-called Proper Generalized Decomposition (PGD) method has been
developed (Ammar et al., 2006), (Ammar et al., 2007), (Chinesta et al., 2010). This
technique generalizes the POD method and opens promising new ways to model
order reduction of the dynamics of non-linear materials such as soft tissues.

5.3 Publications

As aresult of the thesis several articles have been published in journals and proceedings
of national and international conferences.

Journal Publications

1. Real-time simulation of surgery by model reduction and X-FEM techniques. S. Ni-
roomandi, |. Alfaro, E. Cueto, F. Chinesta. International Journal for Numerical Meth-
ods in Biomedical Engineering, submitted, 2011.

2. Accounting for large deformations in real-time simulations of soft tissues based
on reduced-order models. S. Niroomandi, . Alfaro, E. Cueto, F. Chinesta. Computer
Methods and Programs in Biomedicine, 2010, accepted. Early view.
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3. Model order reduction for hyperelastic materials. S. Niroomandi, I. Alfaro, E. Cueto,
F.Chinesta, International Journal for Numerical Method in Engineering, 81(9), 1180-
1206, 2010.

4. Real-time deformable models of non-linear tissues by model reduction techniques.
S. Niroomandi, I. Alfaro, E. Cueto, F. Chinesta, Computer Methods and Programs in
Biomedicine, 91, 223-231, 2008.

Conference Papers

1. Real-time simulation of surgery by combined reduced order models and X-FEM
technique. S. Niroomandi, . Alfaro, E. Cueto, F. Chinesta, IV International Confer-
ence on Computational Methods for Coupled Problems in Science and Engineer-
ing (COUPLED PROBLEMS 2011), 2011.

2. Towards the third generation of surgical simulators. S. Niroomandi, I. Alfaro, E.
Cueto, F. Chinesta, IV European conference on computational mechanics- ECCM
2010, 2010.

3. Real-time simulation of living tissues by model reduction. E. Cueto, S. Niroomandi,
l. Alfaro, F. Chinesta, 9th World Congress on Computational Mechanics and 4th
Asian Pacific Congress on Computational Mechanics (WCCM/APCOM 2010), 2010.

4. Simulacion en tiempo real de tejidos blandos mediante reduccién de modelos
y métodos asintoticos numéricos. S. Niroomandi, I. Alfaro, E. Cueto, F. Chinesta,
Congreso de Métodos Numéricos en Ingenieria (METNUM 2009), 2009.

5. Real-time deformable models of non-linear tissues by model reduction techniques.
S.Niroomandi, I. Alfaro, E. Cueto, F. Chinesta, 8th International Sympsium on Com-
puter Methods in Biomechanics and Biomedical Engineering, 2008.

6. On the application of model reduction techniques to real-time simulation of non-
linear tissues. S. Niroomandi, I. Alfaro, E. Cueto, F. Chinesta, 4th International Sym-
posium, ISBMS 2008, London, 2008.

7. Real-time simulation of non-linear tissues by model reduction techniques. S. Ni-
roomandi, . Alfaro, E. Cueto, F. Chinesta, XXI International Congress of Theoretical
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Appendix A

Formulation of the
Asymptotic Numerical
Method for compressible
neo-Hookean materials

A.1 Formulation of neo-Hookean model

The compressible neo-Hookean model is characterized by a strain energy function given
by

¥ =2 (tr(0) ~8)— pin T+ %(In J)? A1)

where A and p are Lamé's constants and C' = I + 2+ is the right Cauchy-Green strain
tensor.

As mentioned in the body of this thesis,

v = (u) + v, (u,u)

Vu+ Viu VuViu
’Yl(ru’) = T? 7nl(u> u) = 92 (A.2)
The second Piola-Kirchhoff stress tensor can be obtained by
S = 8\2_57) =u(I—-C Y+ AInJ)C™ (A.3)

In the formulation developed in Cochelin et al. (1994b), the second tensor of Piola-
Kirchhoff S, displacement u and load factor \ were expanded around a point at which
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the solution of the problem is known. Here, for compressible neo-Hookean material,
some additional variables have been introduced in order to make the derivation less
tedious. In the end the value of these additional variables will be calculated in terms of
stress and displacement. These additional variables are

X = J? (A4)

Y =InJ=InvVJ2asJ >0 (A.5)
1

7 = = (A.6)

Introducing these new variables in Eq. A.3 leads to

S=upl+(\Y —p)Ct (A7)

A.2 Preliminary formulae

A.2.1 Expansion series

As stated in chapter 3 all variables are expanded asymptotically in terms of a control

parameter "a". This expansion is done by using Taylor series. The Taylor series for a
smooth function f(a) around the point @ = 0 is as follows:

fla)=fo+>_ f,a

p=1
1 dof
where fO = _f(O) and -fp = H%

a=0

A.2.2 Taylor series for the product of two functions

In deriving the formulation it is needed to calculate the Taylor series of the product of
two functions. If C'(u(a)) = A(u(a))B(u(a)) the series will take the form

CO+C'1a+Cga2+--- = (A0+A1a+A2a2—|—---)(BO—|—Bla+BQa2—|—~--) (A9)
The coefficients C,, will be obtained as follows

atorder0 = Cy = AyBy
atorder1 = Cl = AOBl + AlBO

p—1
atorderp = C, = AyB, + A,Bo+ >  AB,_, (A.10)

r=1
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A.2.3 Composition of expanded variables

Now if A = A(b(a)) and both A and b(a) are going to be expanded, the chain rule can
be applied.

A=Ag+) Ayar

p=1
b=1by+ » bya” (A.11)
p=1

where Ay = A(by), by = b(0). A, can be calculated by applying the chain rule for
higher derivatives (Arbogast, 1800).

A OA db A db
Al:%a:OZ%%a:OZ%bobl’Where bl:%a:o
LA 10 (0AdY 1A, 04)
272002 la=0 20a \0Obda) 202l 1 by >

(A.12)

In the same way the rest of the coefficients can be calculated. In these expressions
the following variables are used

db
by = —
'™ dala=o
1 d?b
by
a=0

" 21da?

Again some notations will be adopted for simplicity. We now define

DA 1 92A 1orA

Ay, = A(by), Ay, = — = —— = ——
bo ( 0)7 b1 ob b07 bo 91 8()2 b07 ) by p‘ obp 5o

By using this notation the coefficients of A will be simplified as

AO - Abo
Ar = Ap, b
Ay = Ay, b2 + Ay, by (A.13)
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A.3 Expansion of X = J?

As X = J? = det(C), before expanding X it is necessary to expand C. For that, firstly

the displacement vector is expanded as

1 dPu
u(a) = ug + Zlupai’7 uo = u(0), u, = ]7!% - (A.14)
p:
Then the linear term of strain can be rewritten as
v vt
atorder0 ~, = w
Vu,+ V'u,
atorderp v, = — 5 (A.15)

If FEM is used for discretization of the weak form and the displacements are approx-

imated by u = N v, one will have

Y1, = Bivo

Y, = By (A.16)

For the non-linear term of strain, the multiplication of expanded variables is used

VuOVuOT
771,[0 = 2
p—1 T
Vu,V'iu,_,
Vuiy = VoV w4+ 3~ (A17)
r=1

After discretization these terms take the form

1.
Yoty = §A(UO)GU0

—_

p—
7nlp = A(UO)GUP +

r

%A(UT)G’UP_T (A.18)
1
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In which A and G can be found in standard texts of non-linear finite element anal-
ysis as in Zienkiewicz and Taylor (1994).

0r 0 0
0T 0
A 0 6r
or o7 0
0 6 6F
07 0 6
in which 5 5 5
U U U
Op = ——, 0y=—2, 0, = —
or’ YV oy’ 0z
and _ .
% 00
0 9u 0 0 9= 0
0 0 Zu 0 0 &=
ou 0 G2 0 0
G=1|0 %+ 0 .- 0 2=
Y Y
0 0 G - 0 0 G=
v 0 0 - Ym0 0
0 %2 0 --- 0 %= 0
0 0 G . 0 0 G

Finally, the right Cauchy-Green strain tensor can then be computed as follows

C=Cy+)» Cua (A.20)
p=1

where

Co=1+ (23; + A(’UO)G> o

—_

-
C, =2 <Bl + A(UO)G) v, + > A(,)Gv,_, (A21)

r=1

Now itis possible to calculate the coefficients in the expansion of X. As stated before

Cll C(12 C’13
X = J2 = det(C') = 021 022 023 (A22)
031 032 C’33
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In order to calculate det C, Laplace's formula can be used along the first row. Having
denoted the cofactor of entry C;; by C'C;; one will have

X = 0110011 + 0120012 + 0130013 (A23)

As C'is a symmetric tensor, a vector of six elements could be associated to it. In this
way one will have

XO = detCo

X,=M}C,+ RX, (A.24)

in which
T
Co= [ C(011 C1022 0033 26’012 20023 20013]

CCiy, CCOy, CC
Mg = [CCIIO 00220 C16’330 2120 2230 2130:| (A25)
—
RX, =Y CjCCl" +Cr,CCl" + CrCCly”
+ O, (C3,C85" — C33C357)
+ Oy (C13C% " — C1L, 087
+ Oy (C1,C% " — C3,CT5) (A.26)
Note that, for example,
O " = (CC35 " — C50%37) + (O3, " Cg3 — €357 Cy)
p—r—1
+ ) ChCh™ ™ — GOl (A.27)

=1

Substituting C), by its expansion given in A.21, the final expression for X, is obtained

as
-1

X, = 2M} B(vy)v, + Z (v,)Gv, , +RX, (A.28)

J/

RC,
RTy,

where B(vy) = B, + A(vg)G
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A4 ExpansionofY =InJ

The Taylor series of Y can be written as follows

Y(a) = Yo+ 3 Ve, Yo = Y(0), ¥, =

p=1

1 dPY
p! dap

a=0

AsY = In+/X the chain rule could be applied which results in

oYy olnvx 1 11
0X 90X  InvX2InvX 2X
Yy o 1 -1

JX? ~ OX2X  2X?

oY _ (o)

oxr 2X,
We now define
Xog = In \/ X() =
oY 1
Yy = —| = _—_
Xl aX Xo 2X0
1 oY -1
2T 910x21x,  4X?2
(=
Yy =
Xp 2pX{
The coefficients in the Eq. A.29 are obtained as
=In \ Xo
Xi
Y =Yx, X; =
X141 = 2X0
-X? X
2 2
YQ - YX2X1 + YXIXQ 4X2 +2—)(,()
\v/
Ry,
X
Y, =2
P, T
Using equation A.28 one will get
1 1
Y,=—M!B M!IRC,+R R
p XO (IUO)/UP 2X0 ( + XP) + Yy

J/

RTy,
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(A.29)

(A.30)

(A.31)

(A.32)

(A.33)
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A.5 Expansionof Z = %

The Taylor series of Z can be written as follows

Z(a)=Zo+ Y _ Zya", Zo=Z(0), Z,

p=1

Siamak Niroomandi

1dPZ

=——Z A34
p! daP la=0 ( )

Considering that 7 = % = % the coefficients in the series can be obtained as

0z _ 1
0X X2
*zZ 2
0xX2 X3
o’z _ (=1)F®)
oxXr — Xp+l
We now define
1 1
Z p— p—
YO det(Cy)  Xo)
07 ~1
Ty = |y —_—=
X = gy X2
g Loz 1
2T orax2lx, X3
—1)p-1
2y, - L
Xop+1)

The coefficients in Eq. A.34 can be obtained as

1
Zo= Dy, = —————
07 X det(Co)
_Xl
I =Ty X| = —
1 X121 Xg

X2

Ty = Zx, X} + Zx, Xy = X—g

0

~—~

Rz,
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After replacing these variables with matrices and vectors that have been defined so
far Z, will take the form

— ~1
Z, = — M{B(vg)v, + = (M{RC, + Rx,) + Rz, (A.38)
0

N /

RTy,

A.6 Expansionof C~!

In order to calculate the inverse of C, its adjugate will be calculated and then divided
by its determinant. If the transpose of the cofactor matrix of C' is denoted by A, the
inverse of C will be computed as follows

A = lA =7A (A.39)

-1
¢ S detC X

where
CCn CCy CCi

A= 0021 0022 CCQg (A40)
CCy CCs Cls

The expansion of the adjugate matrix CC7T is obtained as follows

Ay =CC,"
A, =CyC, + RA, (A41)
in which
[0 Ch,  Coy 0 —Cop 0 ]
0033 0 0011 0 0 _0013
~ C C 0 —C 0 0
CO _ 022 011 k 012 X X (A.42)
0 0 _0012 _50023 50013 50023
_0023 0 0 %0013 _%0011 %0012
| 0 _0013 0 %0023 %0012 _%0022 i

C5oCa3 " — CypCiy”
ChCg " — CCiy”
RA, = i Cg‘{r G Cf?j . (A43)
CiaChs " — ClaC3”
ClaCry " — C1iCay "
CioChs " — O30 "

T
L

ﬁ
Il
—
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After replacing these variables with matrices and vectors that have been defined so
far A, will take the form

A, =2CyB(vy)v, + CoRC, + RA, (A.44)
RTA,

Now the inverse of Right Cauchy-Green strain tensor can be computed as

Cal = A()ZO = ITM)(C())

p—1
C,'=AZ0+AZy+ Y AZ,,. (A45)

r=1

N————
RC,!

After replacing these variables with matrices and vectors that have been defined so
far C* will take the form

N -1
C, =2 (CoZo - ﬁAoMg) B(vy)v, + AgRTy, + RTA,Zy + RC,"  (A46)
0 " >y

1
RTC,

A.7 Expansionof S

Replacing the obtained values so far in the stress formulation for a neo-Hookean com-
pressible material from Eq. A.3 will result in

So = puI — pCy' + \Y,Cyt
Sy =—pCrt+ A (YoCr' +Y1Cy )

p—1
Sy =—nC,' + X\ | oC,' +v,C' + ) v.C, ", (A.47)

r=1

RS,

After replacing these variables with matrices and vectors that have been defined so
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far S, will take the form

~ 1 A
S, =200y — p) (CoZy — —Cy' M} | + —Cy'M] | B(vo)v,+
Xo Xo
D
p—1
(\Yo — W) RTC,"' + AC;'RTy, + \> Y,C,'. (A48
r=1
RTS, = Sgl
Now S,, can be written in the following form
Sy = D B(vy)v, + S} (A.49)
Non-linear stress can be expressed in terms of geometrical and material non-linear
stresses.
Sgl = S;‘lm“t + Szlge"m (A.50)
In which
1 1
S;ngeom — §DRCp =D Z §A(v7«)0p,,« (A.51)
r=1
RX RA
nlmat -1
Spimat = (XY, — p) (AO (Rzp — Jéf’) + Jgp + RC, )
A X
+ (S (RY, + n 2 ) + RS, (A.52)
J§ 2J§

A.8 Obtaining the final system of equations

The weak form of the problem is

Findv € H'(Q) > S:é'y(v)dQ:)\</ b~5de+/
Qo Qo

Yo

t-ov dF) Vov € Hy(Q)

(A.53)
In order to obtain the system of equations first the variation of Green-Lagrange
strain tensor is expanded as

dv(v)o = (Bl + A(’UO)G) v = B(vg)ov

0y (v), = A(v,)Gov (A.54)
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Also the load factor A has to be expanded.

LdeA

Ma) =X+ Aa”, Ao = A0), A, = i

p=1

After substituting variables by their expansion and identifying terms with the same
order the following system of equations will be obtained.

KT’UO = )\OF
Krv, =\ F — f (A.55)
in which
K= | B(vy) D B(v) + G'S,GdQ (A.56)
Qo
fgl — / (BT(S;zlmat + S;lgeom) + GTS;)dQ (A57)
Qo
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